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In this paper, we build a solid framework for the use of KMS-weights on C*-algebras. We will use another 
definition than the one introduced by Combes in Q, but we will prove that they are equivalent. However, 
the subject of KMS-weights is approached from a somewhat different angle. We introduce a construction 
procedure for KMS-weights, prove the most important properties of them, construct the tensor product 
■ of KMS-weights and construct weights which arc absolutely continuous to a given weight. 

Introduction 

In H|, Combes studied lower semi-continuous weights on C*-algebras and proved the major result that a 
lower semi-continuous weight can be approximated by the positive linear functionals which are majorated 
by it. 

At the moment, these lower semi-continuous weights seem not to behave well enough to be used in an 
efficient way. So it is natural to search for extra conditions conditions on lower semi-continuous weights 
which makes them manageable. An attempt in this direction was undertaken by Jan Verding in [ p2| 
where he introduced the so-called regular weights. These are lower semi-continuous weights which have 
a well-behaved truncating net. 

It turns out that this regularity condition is also very useful in the theory of C* -valued weights (sec JTof). 

There is however a class of lower semi-continuous weights which behave very well and were introduced 
by Combes in definition 4.1 of 0], the so-called KMS-weights: 

Consider a C*-algebra A and a densely defined lower semi-continuous weight tp on A such that there 
exists a norm continuous one-parameter group a on A satisfying: 

1. We have for every t £ 1R that ipat = <p. 

2. For every x, y £ J\f v HA/"*, there exists a bounded continuous function / from S(i) into C which 
is analytic on S(i)° and such that: 

• We have for every t £ 1R that f(t) — <p(a t (x)y). 

• We have for every f e R that fit + i) = <p(ya t (x)). 
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Then ip is called a KMS-weight on A, a is called a modular group for <p. 
Here, S(i) denotes the horizontal strip in the complex plane between and i. 

By a proof of Combes in []5j , we know that such a KMS-weight can be extended to normal KMS-weight in 
the GNS-representation of ip. In this way, we can make use of the very rich theory of normal weights on 
von Neumann algebras and use for instance the Radon Nikodym theorem for normal weights (see JT4|). 

In short, we get a class of weights which which posses the same rich structure as the Borel measures on 
locally compact spaces. 

The last years, there is a lot of interest for lower-semicontinuous weights in general (and KMS-weights in 
particular) from people working in the field of C*-algebraic quantum groups. This because of the role of 
the left Haar weight in C*-algebraic quantum group theory. 

At the moment, it is not yet clear whether the left Haar weight should be a KMS-weight. There are 
however some indications that this will be the case : 

• Masuda, Nakagami & Woronowicz are momentarily working on a definition for reduced C*-algebraic 
quantum group and their left Haar weight will be a KMS-weight. 

• In all the known examples, the left Haar weight turns out to satisfy the KMS-condition. 

• A. Van Daele proves in |^lj that the left Haar functional on an algebraic quantum group satisfies 
automatically some sort of weak KMS-condition. 

• It is proven in [|| that this weak KMS-condition implies that the left Haar weight on the reduced 
C*-algebraic group arising from the algebraic one, is a KMS-weight. 

• In Jll]], we prove that this KMS-condition on this reduced C*-algebraic quantum group implies that 
the left Haar weight on the universal C*-algebraic quantum group is also KMS. It appears that the 
same principle can be used to prove such a result in the general cas. 

Especially the universal case necessitates to investigate KMS-weights in a C*-algebraic framework. 

In this paper, we will work with another definition of a KMS-weight than the one mentioned above but 
we will show that both are equivalent. One of the reasons to use the other definition is the fact that 
Masuda, Nakagami & Woronowicz seemed to be going to use this other definition in their approach to 
quantum groups. 

The main aim of this paper is to build a solid framework for KMS-weights on C*-algebras. We believe 
that it gives a technically useful overview of KMS-weights in the C*-algebra picture. 
Most of the results will look familiar to the ones known in normal weight theory but will be proven within 
the C*-algebra framework. 

In the first section, we fix notations and give an overview of the results about one-parameter representa- 
tions and their analytic continuations. 

We give the definition of a KMS-weight in the second section. At the same time, we prove some useful 
properties concerning lower semi-continuous weights. 

In section 3, we have gathered some results from [p2f about the construction of a weight starting from a 
GNS-construction. 

The fourth section concerns the behaviour of one-parameter representations which are relatively invariant 
with respect to some closed mapping. 

In the fifth section, we prove that a closed linear mapping from within a C*-algebra into a Hilbert space 
and satisfying certain KMS-characteristics gives rise to a KMS-weight on this C*-algebra. 
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The most important technical properties concerning KMS-weights are collected in the sixth section. 
In section 7, we construct the tensor product of KMS-weights. 

Given a KMS-weight tp and a strictly positive element 6 affiliated to the C*-algebra which is relatively 
invariant under a modular group of tp, we construct the weight ip(5^ . §i) in section 8. We have to use 
another method than the one used by Pedersen & Takesaki because of the relative invariance. 

Let us now fix some terminology and conventions. 

Consider a complex number z, then S(z) will denote the horizontal strip { c € C | Im c G [0, Im z] }. The 
interior of S(z) will be denoted by S(z)°. 

The domain of a mapping / will be denoted by D(f), its image by Ran/. 

For any Banach space E, we denote the set of bounded operators on E by B(E) and the topological dual 
by E*. 

Let A be a C*-algebra. We denote the multiplier algebra of A by M(A). 

Any element ui G A* has a unique strictly continuous linear extension to M(A) and we denote this 
extension by ZU. We put u/(x) = Zu(x) for every x € M(A). 

For a good introduction into elements affiliated with A, we refer to and |24|] . 

Whenever we speak of a positive element affiliated clement with A, we mean a (possibly unbounded) 
positive and selfadjoint element affiliated with A. The same remark applies to positive operators in 
Hilbert spaces. A positive element affiliated to A is called strictly positive if it has dense range. As usual, 
we can raise a strictly positive affiliated element to any complex power. 

Consider a Hilbert space H . Let 7r a non-degenerate *-homomorphism from A into B(H). Then it has a 
unique extension to a "-representation 7f. We put ir(x) = n(x) for every x € M(A). 

If T is an element affiliated with A, then tt(T) denotes the closed densely defined operator in H such 
that n(D(T)) is a core for ir(T) and 7r(T)(7r(a)«) = n(T(a))v for every a € D(T) and v e H. 

In the following, o will denote the composition of mappings and elements of M(A) will be considered as 
linear mappings from A into A. 

Consider an element T affiliated with A and a € M(A). Then 

• We call a a left multiplier of T if aoT is bounded as a mapping from A into A and a o T belongs 
to M(A). In this case, we put aT = aoT 

• We call a a right multiplier of T if D(Toa) = A. You can prove in this case that Toa belongs to 
M(A) and we put T a = Toa. 

It is not very difficult to prove that a is a left multiplier of T if and only if a is a right multiplier of T* . 
If this is the case, we have that (aT)* — T*a*. 

We will freely use calculation rules involving this left and right multipliers, e.g. Let a, x € M(A) and 
T an element affiliated with A. If a is a left multiplier of T, then xa is a left multiplier of T and 
(xa) T = x (aT). 

Consider elements S, T affiliated with A and a £ M(A). Then we call a a middle multiplier of S, T if 
D(SoaoT) = D(T), SoaoT is bounded and SoaoT belongs to M (A) . In this case, we put SaT = SoaoT. 
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1 One-parameter representations 

In this first section, we recall the definition of one-parameter representations and an overview of the 
most important results. Most of the proofs can be found in |1. A standard reference for one-parameter 
representationd is |25| . 

Whenever we use the notion of integrability of a function with values in a Banach space, we mean the 
strong form of integrability (e.g. Analysis II, S. Lang) : 

Consider a measure space (X, A4,/j,) and a Banach space E. 

• It is obvious how to define integrability for step functions from X into E. 

• Let / be a function from X into E. Then / is ^-integrable if and only if there exists a sequence of 
integrable step functions (f n )^=i from X into E such that : 

1. We have for almost every x € X that {f n {x))^=i converges to f(x) in the norm topology. 

2. The sequence (f n )^Li is convergent in the Li-norm. 

In this case, the sequence (/ /„ d^)^ =1 is convergent and the integral of J f dfi is defined to be the 
limit of this sequence (Of course, one has to prove that this limit is independent of the choice of 
the sequence (/„)~ =1 ). 

• It is possible to define a form of /i-measurability (see Lang) in such a way that a function / is 
integrable if and only if the function / is measurable and ||/|| is integrable. 



We start this section with a basic but very useful lemma. 

Lemma 1.1 Consider Banach spaces E, F , A a closed linear mapping from within E into F . Let f be 
a function from R into D(A) such that 

m f is integrable. 

• The function 1R — > F : t i— > A(/(t)) is integrable. 
Then J f(t)dt belongs to D(A) and A(J f(t)dt) = J A(f(t))dt. 

Proof : Define G as the graph of the mapping A. By assumption, we have that G is a closed subspace 
of E © F. Next, we define the mapping g from R into G such that git) = (/(t), A(/(t))J for every t£R 
It follows that g is integrable and 

J g(t)dt=( J f(t)dt,f A(/(i))dt) . 

Because G is a closed subspace of E F, we have that J g(t) dt belongs to G. This implies that 
(Jf(t)dtJ A(f(t)) dt ) belongs to G. ■ 



When we speak of analyticity, we will always mean norm analyticity. But we have the following well 
known result (which follows from the Uniform Boundedncss principle). 

Result 1.2 Consider a Banach space E and a subspace F of E* such that ||x|| = sup{ ||w(cc)|| | lo S 
F with \\d\\ < 1} for every x € E. Let O be an open subset of C and f a function from O into E. 
Then f is analytic <^> We have for every to £ F that ojo f is analytic. 

Notice that the result is true for F = E*. 
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1.1 One-parameter representations on Banach spaces 

We introduce the notion of strongly continuous one-parameter groups and discuss the analytic continua- 
tions of them. The standard reference for the material in this section is [^5| . 

Terminology 1.3 Consider a Banach space E. By a one-parameter representation on E, we will always 
mean a mapping a from R into B{E) such that : 

• We have for every s,t £ R that a s+t = a s a t . 

• a>o = i 

• We have for every (eft that \\at\\ < 1. 

We call a strongly continuous <=> We have for every a G E that the mapping R — > E : t i— * ott{a) is 
continuous. 

This definition implies for every t S R that at is invertible in B(E), that (at) -1 = a~t and that \\ott\\ = !■ 
Remark 1.4 We would like to mention the following special cases : 

• If H is a Hilbert space and u is a strongly continuous one-parameter representation on H such that 
Ut is unitary for every t £ R, we call u a strongly continuous unitary one-parameter group on H. 

• If A is a C*-algebra and a is a strongly continuous one-parameter representation on A such that 
at is a C*-automorphism on A for every t £ R, we call a a norm continuous one-parameter group 
on A. 

• If A is a C*-algebra and u is a strongly continous one-parameter representation on A such that Ut 
is a unitary element in M{A) for every t S R, we call u a strictly continuous unitary one-parameter 
group on A. 

Now we will summarize the theory of analytic continuations of such norm continuous one-parameter 
representations. For the most part of this subsection, we will fix a Banach space E and a strongly 
continuousone-parameter representation a on E. 

Definition 1.5 Consider z £ (D. We define the mapping a z from within E into E such that : 

• The domain of a z is by definition the set { a £ E \ There exists a function f from S(z) into E 
such that 

1. f is continuous on S(z) 

2. f is analytic on S(z) 

3. We have that at {a) = f(t) for every t G R }. 

• Choose a in the domain of a z and f the function from S(z) into E such that 

1. f is continuous on S(z) 

2. f is analytic on S(z) 

3. We have that a* (a) = f(t) for every t G R 
Then we have by definition that a z (a) — f(z). 

In the case that z belongs to R, this definition of a z corresponds with a z which we started from. 
Therefore, the notation is justified. 
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Remark 1.6 • Consider zgC and y £ S(z). Then it is clear that D(a z ) is a subset of D(a y ). 

• It is also clear that D(a y ) = D(a z ) for y, z £ C with Im y = Im z. 

• Let z £ C and a £ D{a z ). Then the function S(z) — > E : u i— > a„(a) is continuous on <S*(z) and 
analytic on ^(z) (because this function must be equal to the function / from the definition). 

• Consider an element a in E. We say that a is analytic with respect to a if a belongs to D(a z ) for 
every z £<C. If a is analytic with respect to a, then the function C — + E : u i— ► a u (a) is analytic. 

Now we give a list of the most important properties of these analytic continuations. The most important 
tool for proving the results is the Phragmen-Lindclof theorem. 

Proposition 1.7 The mapping a z is a closed linear operator in E which is densely defined and has dense 



We would like to mention that the proof of the closedness is substantially easier than in the case of 
strongly continuous one-parameter groups on von Neumann algebras (see p5[). 

Result 1.8 Consider z £ C and a £ D(a z ). Then the function S(z) — > E : u t— > a u (a) is bounded. 

Proposition 1.9 Consider z £ C and t £ M. Then a z a t = a t a z = a z+t - 
Furthermore, the following equalities hold : 

• We have that at(D(a z )) — D(a z ) and at (Ran a z ) = Ran a z . 

• We have that D(a z +t) = D{a z ) and Rana z +t = Rana z . 

Proposition 1.10 Consider z GC. Thena z is injective and{a z )^ 1 = a_ 2 . Therefore Ran a z = D(a^ z ) 
and D(a z ) = Rana_ z . 

Propositionl.il Consider y, z eC. Then 

1. a y a z C a y+z . 

2. If y and z lie at the same side of the real axis, we have that a y a z = a y+z . 

As usual, we smear elements to construct elements which behave well with respect to a. 

Notation 1.12 Consider a £ E , n > and z £ C Then we define the element a(n, z) in E such that 



range. 




Then we have that \\a(n, z)\\ < \\a\\ exp(n 2 (Im z) 2 ). 



For n > and z £ C, we will use the notation 




6 



Proposition 1.13 Let a € E, n > and z € C. TTien a(n, z) is analytic with respect to a and 
a y (a(n, z)) = a(n, z + y) for every y £ C. 



Proposition 1.14 Consider n > 0, y, z SC anda£D(a y ). Then a y (a(n, z)) ~a y (a)(n,z). 



A proof of the next result can be found in E3]. 

Proposition 1.15 Let z be a complex number. 
( a(n) | a G K, n e IN ) is a core /or a 2 . 



Consider a dense subset K of E. Then the set 



We end this subsection with some special cases : 

The first one is a familiar one and the proof can be found in corollary 9.21 of 

Proposition 1.16 Consider a Hilbert space H and an injective positive operator M in H. Define the 
strongly continuous unitary one-parameter group u on H such that ut — M lt for every f £ R. Then 
u z = M lz for every z G C 

The next result is a C*-version of the previous one. 

Proposition 1.17 Consider a C* -algebra A and a strictly positive element 5 affiliated with A. Define the 
strictly continuous unitary one-parameter group u on A such that we have for every tGl that u t = 5 lt 
considered as a left multiplier. Then u z — 8 lz for every zgC, 

The previous result implies immediately the following result. 

Proposition 1.18 Consider a C* -algebra A and a strictly positive element 5 affiliated with A. Define the 
strictly continuous unitary one-parameter group u on A such that we have for every tel that u t = 6 
considered as a right multiplier. Let z be a complex number and a an element in A, then : 

• The element a belongs to D(u z ) <^> a is a left multiplier of 8 lz and aS z belongs to A. 

• If a belongs to D(u z ), then u z (a) — a8 lz . 

The following proposition is also a C*-version of a known result in Hilbert space theory (see proposition 
9.24 of @). 

Proposition 1.19 Consider a C -algebra A and a strictly positive element 5 affiliated with A. Define 
the norm continuous one-parameter group a on A such that at (a) — S^ lt aS lt for every t € 1R and a 6 A. 
Let z be a complex number and a an element in A, then : 

• The element a belongs to D(a z ) a is a middle multiplier of b~ lz , 8 lz and S^^aS" belongs to A. 

• If a belongs to D(a z ), then a z (a) = 5~ lz a5 lz . 

A proof of the last 3 propositions can be found in M. 
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1.2 One-parameter groups on C*-algebras 

For this section, we will fix a norm-continuous one-parameter group a on a C*-algebra A. We will 
investigate the properties of the analytic continuations in this case a little bit further. Proofs of the 
results in this section can be found in ||. 

By the remarks of the previous section , we have for any zgCa closed linear operator a z from within 
A into A which is generally unbounded. 

Because a t is a *-homomorphism for every f€E,, we have the two following algebraic properties. 
Proposition 1.20 The mapping a z is a multiplicative linear operator in A. 



Proposition 1.21 Consider z gC. Then D (a-) = D(a z )* andRanaj = (Rana z )*. We have for every 
a G D(a z ) that a z (a)* = a z (a*). 

This implies for all zgRi and a S D(a z ) that a z (a)* belongs to D(a z ) and a z (a z (a)*)* = a. 
For the rest of this section, we want to concentrate on strictly analytic continuations of a. 



Concerning analyticity, we have the following result. The proof of this fact uses result |L2| and the fact 
that every continuous linear functional on A is of the form a w with u> G A* and a G A. 

Result 1.22 Consider an open subset O of the complex plane, f a function from O into M{A). 
Then f is analytic <^> We have for every uj G A* that the function Zuo f is analytic 
We have for every a £ A that the function O — > A : z i— > f(z) a is analytic. 

It is possible to give the following definition. 

Definition 1.23 Consider a complex number z. Then the mapping a z is closable for the strict topology 
on M{A) and we denote the strict closure by a z . 

In the case where z belongs to R, the previous definition implies that a z is the unique *-homomorphism 
from M(A) into M(A) which extends a z . It is also clear that a z C a z for every z £<C. 
The two previous remarks justify the following notation. For every z G C and a G D(a z ), we put 
a z (a) = a z (a). 

Result 1.24 Let a be an element in M(A). Then the function R — > M(A) : t i— > a t (a) is strictly 
continuous. 

The following theorem is one of the most important results of || . 
Theorem 1.25 Consider z G C. Then we have the following properties 
• Let a be an element in M(A). 

Then a belongs to D(a z ) there exists a function f from S(z) into M(A) such that 

1. f is strictly continuous on S(z) 

2. f is analytic on S(z)° 

3. We have that at (a) = f(t) for every igR 
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• Let a be an element in D(a z ) and f the function from S(z) into M(A) such that 

1. f is strictly continuous on S(z) 

2. f is analytic on S(z) 

3. We have that a t (a) = f(t) for every t G R 
Then we have that a z (a) = f(z). 

It is also possible to give another characterization of a z . First look at the following result. 

Proposition 1.26 Consider z G C and a G D(a z ) , b G D(a z ). Then ab and ba belong to D(a z ) and 
a z (ab) = a z (a) a z (b) and a z (ba) = a z (b) a z (a) . 

There is also a converse of this : 

Proposition 1.27 Consider elements a, b G M(A) and z G C. Then 

1. If we have for every c G D(a z ) that ac belongs to D(a z ) and a z (ac) = ba z (c), then a belongs to 
D(a z ) and a z (a) = b. 

2. If we have for every c G D(a z ) that ca belongs to D(a z ) and a z (ca) = a z (c) b, then a belongs to 
D(a z ) and a z (a) = b. 

These strictly analytic extensions satisfy the same kind of properties as the norm analytic extensions. 
Now we give a list of these properties. 

Remark 1.28 • Consider z G C and y G S(z). Then it is clear that D(a z ) is a subset of D(a y ). 

• It is also clear that D(a y ) = D(a z ) for y, z G C with Im y = Im z. 

• Let z G C and a G D(a z ). Then the function S(z) — > M(A) : u ^> a u (a) is strictly continuous on 
S(z) and analytic on S(z)°. 

• Consider an element a in M(A). We say that a is strictly analytic with respect to a if a belongs 
to D(a z ) for every z G C. If a is strictly analytic with respect to a, then the function C — > M(A) : 
u i > a u (a) is analytic. 

Proposition 1.29 The mapping a z is a strictly closed multiplicative linear operator in M(A). 

Proposition 1.30 Consider z gC. Then D(a-) — D(a z )* andR&naj = (RanS z )*. We have for every 
a G D(a z ) that a z (a)* — a-(a*). 

This implies that for all z G Hi and a G D(a z ) that a z (a)* belongs to D(a z ) and a z (a z (a)*)* = a. 
Result 1.31 Consider z G C and a G D(a z ). Then the function S(z) — > M(A) : u a u (a) is bounded. 

Proposition 1.32 Consider z G C and JgR. Then a z at — oit&z — ®z+t- 
Furthermore the following equalities hold : 
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• We have that a t (D(a z )) — D(a z ) and a ( (Rana z ) = Rana z . 

• We have that D(a z+t ) = D(a z ) and Rana 2+ ( = Rana z . 

Proposition 1.33 Consider z e C. Thena z is infective and (Sz) -1 = (X- z . Therefore Rana z = D(a- Z ) 
and D(a z ) = Rana_ z . 

Proposition 1.34 Consider y , z e C. Then 

1. a y a z C a y+z . 

2. If y and z lie at the same side of the real axis, we have that a y a z = a y+z . 

As before, we smear elements to construct elements which behave well with respect to a. 

Notation 1.35 Consider a € M(A), n > and z e C. Then we define the element a(n,z) in M(A) 



for every b E A. 

Proposition 1.36 Let a e M(A), n > and z e C. Then a(n,z) is strictly analytic with respect to a 
and a y (a(n, z)) — a(n, z + y) for every y 

Proposition 1.37 Consider n > 0, y, z <G C and a e D(a y ). Then a y (a(n, z)) = a y (a)(n, z). 
Another useful property of smearing is contained in the following result. 

Proposition 1.38 Let z G C and n > 0. Consider a £ M(A) and a bounded net (ai)iei in M(A) such 
that (ai)iei converges strictly to a. Then (ai(n, is also bounded and converges strictly to a(n,z). 



such that 




For n > and z G C, we will use the notation a(n) = a(n, 0), so 
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2 The definition of KMS-weights 

In this section, we introduce the definition of a KMS-weight. We will also introduce the definition of a 
so-called regular weight. In a later section, it is shown that a KMS-weight is automatically regular. We 
will also prove a result about such a regular weight which will be very useful in a later section. Also 
some results about lower semi-continuous weights will be included. The standard reference for lower 
semi-continuous weights is 

Let us first introduce notations and conventions concerning weights. 

Consider a C*-algebra A and a densely defined weight ip on A. We use the following notations : 

• M + = { a G A+ | ip(a) < 00} 

• Af 9 = {a £ A \ (p(a*a) < 00 } 

• M v = span M+ = M*M V . 

A GNS-construction of <p is by definition a triple (H, tt, A) such that 

• H is a Hilbert space 

• A is a linear map from Af v into H such that 

1. A(Af v ) is dense in H 

2. We have that (A (a), A(6)) = cp(b*a) for every a, b G Af v . 

• tt is a representation of A on H such that n(a) A(b) = A(ab) for every a € A and b € Af v . 

The following concepts play a central role in the theory of lower semi-continuous weights : 



We define the set T v = { u G ^4+ | u < ip } 



• Put Q v = { a lj I lo G T v , a G ]0, 1[ }. Then t/ y is a directed subset of Tip. 



A proof of the last result can be found in proposition 3.5. 

The major result about lower semi-continuous weights was proven by Combes (proposition 1.7 of Q ) : 
Theorem 2.1 Suppose that if is lower semi- continuous, then we have the following results : 

• We have for every x G A + that (p(x) = sup { lo(x) \ lo G T v } 

• Consider x G A + , then the net (ui(x)j converges to (fix) 

• Consider x G M v , then the net (u)(x))^ & g converges to ip(x) 
By proposition 2.4 of Q, we have the following result. 

Result 2.2 Consider lo G T v . Then there exists a unique element T u G B{H) with < T u < 1 such 
that (T^, A(a), A(6)) for every a,b G J\f v . 

The theorem above implies that (T w ) we g v converges strongly to 1 if ip is lower semi-continuous. 
Result 2.3 Suppose that ip is lower semi-continuous. Then we have the following properties. 



11 



1. The mapping A is closed. 

2. The * -representation 7r is non- degenerate and 7r(a) A(b) = A(ab) for every a £ M(A) and b £ A/^ 



Proof : 



1. Choose a sequence (an)^! G J\f v , a £ A and u G H such that (a n )^i converges to a and (A(a n ))^L 1 
converges to v. 

Choose uj £ J-^. We have for every n £ JNT that (T w A(a„), A(a n )) = w(a*a„), which implies that 
(T u v,v) = oj(a*a). So we see that uj(a*a) < \\v\\ 2 . 



Hence, theorem 2.1 implies that a belongs to M v . 
Choose lu £ T v . 

Take b £ A/^. We have for every n G A/" v that (T w A(a n ), A(6)) = w(&*a„), which implies that 

(T u u, A(6)) = tu(b*a) = (T u A(o), A(6)) . 
This implies that T u v — T u A(a). 

The lower semi-continuity of </? implies that (XL,)^^ converges to 1. Hence v = A(a). 

2. From ||, we know already that ir is non-degenerate. Choose a G M(^4) and G A/" v . 

Take e £ A. Then e a belongs to A which implies that e a b belongs to J\f v and A(e a b) = 
7r(ea)A(6) = 7r(e)7r(a)A(&). 

It is clear that Af v is a left ideal in M(A) so a 6 belongs to A/L. This implies that eab belongs to 
H,p and A(eab) = n(e)A(ab). 

So we see that 7r(e)7r(a)A(6) = 7r(e)A(a6). 

Therefore, the non-degeneracy of tt implies that A(ab) — n(a)A(b). 



If tp is lower semi-continuous, the weight tp has a natural extension to a weight Tp on M (A) by putting 

Tp(x) = sup { uj(x) \ ui £ J 7 ,^} 

for every x G M(A) + . 

Then Tp is the unique strictly lower semi-continuous weight on M(A) which extends p. The unicity follows 
from the fact that any element in M(A) + can be strictly approximated by an increasing net in A + . 

We define M v — and J7 V = A%. For any x £ M v , we put p(x) = Tp(x). 



Theorem 2.1 implies that tp is an extension of p. So we have that = M. v n A, M v — J7 V n A and 



M V £M V C\A 
Then we have that 

• Consider x £ M(A) + , then the net (w(a;)) wg g converges to p{x) 

• Consider x £ M v , then the net (u)(x)) converges to p(x) 
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Lemma 2.4 Suppose that ip is lower semi-continuous. Then the mapping A : M v i— ► H is strictly closable. 

Proof : Choose a net (aj)jgi in Af v and v £ H such that (aj)iei converges strictly to and such that 
(A(aj))jg7 converges to v. 

Take e £ A. Then we have that (eaj)jgj converges to 0. We have also for every i £ I that eetj belongs to 
A/^ and A(eaj) = 7r(e)A(aj). Hence, (A(eaj))j e / converges to 7r(e)w. So the closedness of A implies that 
Tr(e)v = 0. 

Therefore, the non-degeneracy of tt implies that v = 0. ■ 



Definition 2.5 Suppose that tp is lower semi-continuous. Then we define the mapping A from within 
M(A) into H such that Af v is a strict core for A and A extends A. We put A(a) — A(a) for every 
a £ D(A) 

Using result |2.3| .2, it is not very difficult to prove for every x £ M(A) and every a £ D(A) that xa belongs 
to D(A) and A(xa) = n(a)A(x). 

Proposition 2.6 Suppose that <p is lower semi- continuous. Then (-ff, A,7r) is a GNS- construction for 
Tp. 

Proof : 

• Choose a £ D(A). By definition, there exists a net (aj)igj in Af v such that (aj)i e j converges strictly 
to a an (A(aj))^ e i converges to A(a). 

Take a; £ J 7 V . Then we have for every i,j £ I that (T u A(ai),A(a,j)) = uj(a*ai). 
This implies that (T u A(o), A(a)) = uj(a*a). 

By the definition of Tp and because (T u ) ue g converges strongly to 1, we get that a belongs to 77^ 
and that (p(a*a) — (A(o),A(a)). 

• Choose a £ Take an approximate unit (ej), e j of A. Then (e^ a)ig/ converges strictly to a. 
We have for every i £ I that a a £ J7 V C\ A — N v . 

Because (a*eia)i e i is an increasing net in A4 V , which converges strictly to a*a, the strict lower 
semi-continuity of Tp implies that (tp{a*ei a )) ieI converges to ip(a*a). 

We have moreover for every j 7 k £ I with j < k that < — ej < 1, so 

||A(ej a) — A(e.j a))\\ = (p(a* (e^ — ej) 2 a) < (f(a* (e^ — ej) a) — (p(a* 'e^ a) — <p(a*ej a) 

So we get that (A(a a))ig/ is cauchy and hence convergent in H . 
Hence, we get by the definition of A that a belongs to D(A). 



Remark 2.7 By definition, we have that Af v is a strict core for A. But we have even more: 
Consider a £ Then there exists a net (ak)ke.K m Af v such that 

• We have for every k £ K that ||cjfc|| < ||a|| and ||A(afc)|| < ||A(a)||. 
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• The net (ak)k£K converges strictly to a and the net (A(ak))k£K converges strongly* to A(a). 
This follows immediately by multiplying a to the left by an approximate unit of A. 

We will not use this extension to the multiplier in this paper. However, most of the results in this paper 

concerning tp, Ai v , M-t,, Af v , A have obviuous variants concerning tp, M.^, -My, AT^,, A. 

They can be proven using the results in this paper (using strict approximation arguments) or by similar 

proofs. 



Now we give the definition of a KMS- weight. 

Definition 2.8 Consider a C* -algebra A and a densely defined lower semi- continuous weight tp on A 
such that there exist a norm- continuous one parameter group a on A such that 

1. We have that tpo~t = tp for every t £ ]R. 

2. We have that ip(a*a) — ip(<r±(a) o~±(a)*) for every a S D(a±). 
Then tp is called a KMS-weight and a is called a modular group for tp. 
Later we will prove that the second condition on a can be weakened. 

This definition of a KMS-weight is different from the usual one (see definition 4.1 of p|) but we will prove 
in theorem 6.36 that this definition is equivalent with the usual one. 

In Jan Verding introduced the notion of so-called regular weights. We will formulate this definition 
and prove a useful property concerning regular weights. 

Definition 2.9 Consider a C* -algebra A. Let tp be a weight on A with GNS- construction (H,A,ir). We 
call tp regular tp is densely defined, lower semi- continuous and there exists a net (iti)jgj in J\f v such 
that 

• We have for every i £ I that : 

1. There exists Si £ B(H) such that SiK(a) = A(aui) for every a £ Af v . 

2. \\ui\\ < 1 and \\S l \\ < 1. 

• Furthermore, we assume that 

1. (uj)iel converges strictly to 1. 

2. (Si)i£i converges strongly to 1. 

We call the net (wi)iei a truncating net for tp. 



It is not difficult to see that the definition of regularity is independent of the choice of GNS-construction. 



Proposition 2.10 Consider a regular weight tp on a C -algebra A with GNS-construction (H,A,w). Let 
B be a sub-* -algebra of V\M* such that B is a core for A and let a be an element in Af v (lAf*. Then 
there exists a sequence (o n ),f =1 in B such that 

1- (ln)n=l -> a 

2. (A(a„))^° =1 - A(o) 



14 



3. (A«))~ =1 -A(a*). 

Proof : Choose a truncating net (tti)ig/ for <p. Define for every i e / the operator 6", G -B(-ff) such 
that S'iA(a) = A(a,Ui) for every a € 

Choose neN. Because (wj), e / is a bounded net which converges strictly to 1 and (S'i)ie/ is a bounded 
net which converges strongly to 1, there exist an element j £ I such that 

. || A(a) — ir(Uj)SjA(a)\\ < ^ 

. j|A(a*)-7r( U *)^A(a*)||<i 

• ||a- u*auj\\ < i. 

By the definition of Sj , we get that 

. \\A(a) - n(u*)n(a)A( Uj )\\ < ± 



\\A(a*) - ir(u*)n(a*)A(u 



■3) 



< 



1 



Choose neK. Because B is a core for A, there exists an element b n G B such that 

• |K - M < min{^rM+T . ^(|| a ||+i)(||A(« 3 -)ll+i)^ 

• l|AK)-A(MII < hj^+l 

• ||M <2 

Furthermore, there exists an element d n £ B such that 

11 1 1 

||a - d n \\ < mm{- || ^ ||2 + i , -^—^^—^ j 

We define a n = b* n d n b n . Then a n belongs to B and a* = 6*d*6„. 
Moreover, 

1. Using the above estimations, we have that 

||A(a„) - A(a)|| - \\ir(b* n )ir(d n )A(b n ) - A(a)\\ 

< Mb* n )n(d n )A(b n ) - 7r(&>(a)A(&„)|| + ||7r(&;)7r(a)A(6 n ) - 7r(&Xa)A(^)|| 
+ ||7r(6*)7r(a)A(u j ) - ir(u*)7r(a)A(uj)\\ + \\Tr(Uj)n(a)A(uj) - A (a)|| 

< ||M ||A(6„)|| \\d n - a\\ + \\b n \\ \\a\\ \\A(b n ) - A( Uj )\\ + \\b n - Uj \\ \\a\\ \\A( Uj )\\ + X - 

< - + 2 \\a\\ \\A(b n ) - A( Uj )\\ + l + ^<^ + i + i + l = ^ 
n n n n n n n n 

2. Similarly, one can prove ||A(a*) - A(a*) || < 

3. Using the above estimations once again, we get that 

\\a n - a\\ = \\b* n d n b n - a\\ 

< \\b* n d n b n - b* n ab n \\ + \\b* n ab n - b* n auj\\ + \\b* n au - u*aUj\\ + \\u*auj — a\\ 

< HM| 2 |Mn - a\\ + \\b n \\ \\a\\ \\b n - Uj\\ + \\b n - uj\\ \\a\\ \\uj\\ + \\u*auj - a\\ 

1 „ , MI ,,,111114 

< - + 2 \a\ \b n - uA\ + \\b n - uA\ a +-<- + - + - + - = -. 

n n n n n n n 
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Looking at 1, 2 and 3, we see that (a n )^ =1 — > a, (A(a„))^° =1 — > A (a) and (A(a*))°"\ — ► A(a*). ■ 

Corollary 2.11 Consider a regular weight ip on a C* -algebra A with GNS- construction (H,A,ir). Let a 
be an element in N v nTV*. Then there exists a sequence (a n )^ =1 in Ai v such that 

1. (a„)- =1 -» a 

2. (A(a„))^ =1 - A(o) 
5. (A(a*))^° =1 - A(a*). 

We need the following result from [l4| (lemma 3.1). The proof remains valid for lower semi-continuous 
weights on C*-algebras. 

Lemma 2.12 Consider a C* -algebra A and a densely defined lower semi- continuous weight ip on A. Let 
f be a function from 1R into which is continuous and integrable. 
Then the function 1R — > R + : t i— » <p(f(t)) is lower semi- continuous and 

<p{ [ f(t)dt) = / <p(f(t))dt . 



Lemma 2.13 Consider a C* -algebra A and a densely defined lower semi- continuous weight ip on A, a a 
norm continuous one-parameter group on A such that there exists a strictly positive number X such that 
ipa t = A* <p for every tel. Let z £ C, n G IN and a G M. v . 
Then we have that the element J'exp(— (t — z) 2 ) ctt(a) dt belongs to A4 V and 

/— fin A) 2 
exp(-(t - z) 2 ) a t [a) dt) = A z y/n exp( v — ) <p(a) . 

Proof : Choose 6 £ M+. Define the function / : 1R — > C : 1 i-> exp(— (t — z) 2 ). 

There exist continuous positive functions fi, ■ ■ ■, fi such that fi, ■ ■ fi < |/| and / = /i — /2 + i/3 — 2/4- 

Fix j G {1, . . ., 4}. It is clear that the function 1R — * .M+ : 1 1— > fj(t)at(b) is continuous. Because we also 
have that ||/,-(f)a t (6)|| = /j(t)||&|| < |/(i)| ||6|| for every i e R, we see that the function 1R -> : i i-> 
fj(t)a t (b) is integrable. So, the previous lemma implies that the function R — > 1R + : 1 1— ► tp(fj(t)a t {b)) is 
lower semi-continuous and 

p( J f,(t)a t (b)dt) = J cp(f j (t)a t (b))dt=( J ftftX* dt) <p(b) . 

Because fj < \ f\, the function R — > R + : i 1— >• fj{t)X l is integrable. Therefore we see that J fj{t)cet(b) dt 
belongs to + . 

Using the fact that / = /1 — /a + i/3 — i/4, we get that J f(t)ctt(b) dt belongs to M.tp and 



<p( J f(t)a t (b)dt) = ( / f(t)\* dt) <p(b) . 

Therefore, 

tp( f f(t)a t (b)dt) = ( f exp(-(t-z) 2 )A t ^)^(6) 



( / exp(-t 2 ) X t+Z dt)<p(b) — X z exp(^-^) <p(b) 



The lemma follows by linearity. 
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Proposition 2.14 Consider a C* -algebra A and a densely defined lower semi- continuous weight tp on 
A, a a norm continuous one-parameter group on A such that there exists a strictly positive number X 
such that tp ct t — A* ip for every < (f R. Let z G C and a G M. v D D(a z ) such that a z (a) belongs to M.^. 
Then we have that tp(a z (a)) = A 2 <p(a). 

Proof : Define 

x= exp(—t 2 )at(ce z (a))dt. 



Because a z (a) belongs to M v , the previous lemma implies that x belongs to M v and 

ip(x) = y/n exp( ^ ln ^ ) (p(a z (a)) . 

We have also that 

x= exp(—(t — z) 2 )at(a)dt, 



so the previous lemma implies in this case that 

ip(x) = A 2 t/tt exp( ^ U ^ ) <p(a) . 
Comparing these two different expressions for <p>(x) gives us that ip(a z (a)) = A 2 (p(a). 



Result 2.15 Consider a densely defined lower semi- continuous non-zero weight ip on a C* -algebra A. 
Let a be a norm continuous one parameter group on A such that there exists for every t in~R a number 
At such that (pat = At cp for every t G R. Then there exists a unigue strictly positive number A such that 
ipa t = A* if for every teR. 

Proof : The technique of this proof comes from proposition 5.7 of [[l4| but can be more easily applied 
in this case. We have certainly that X t > for every t £ R. Put A = Ai > 0. 

Because a s +t = ct s at for every s, t € R, we get easily that X s +t — X s Xt for every s,ieR. As usual, this 
implies that X q = X q for every q G Q. 

The lower semi-continuity of ip implies that the mapping R — > Hq : 1 1 — s- At is lower semi continuous. So 
the mapping R — ► R : t h- > A< — A* is lower semi-continuous. This implies that the set { t G R | A< < A* } 
is closed in R. We know already that this set contains (Q, so it must be equal to R. 
Therefore At < A* for every t G R. This implies that At = A* for every t G R (if there would exist an 
element in R for which this equality does not hold, this element or its opposite would violate the previous 
inequality) . ■ 

The proof of the following result is due to J. Verding (see p2|). 

Result 2.16 Consider a C* -algebra A and a densely defined lower semi- continuous weight tp on A. Take 
a GNS- construction {H, A,7r) for Lp. Let a be a norm continuous one parameter group on A such that 
there exists a strictly positive number X such that ip at — X 1 ip> for every t G R. Then there exists a unique 
infective positive operator T in H such that T lt K{a) = A - ^ A(a t (a)) for every a G N v and t G R. 

Proof : For every t G R, there exist a unitary operator u t on H such that u t A(a) ~ X~i A(a t (a)) for 
every a G M v . The mapping R — * B(H) : 1 1— * Ut is clearly a unitary representation of R on H 
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Fix lo G Qtp for the moment. Because uj < ip, there exists a unique element T u G B(H) + such that 
(T w A(a), A(6)) = uo(b*a) for every a, be Af v (see result 

Because y> is lower semi-continuous, the remarks after result [2.2| imply that (T^^g converges strongly 
to 1. This implies that the set { T UJ A(a) | u G G v , a G M v } is dense in H . (*) 

Choose 9 £ G<p and x,y £ Af v . We have for every tgR that 

(«tA(a:), T e A(i/)) = A"* (A(at(a:)), T fl A(y)) - A"* d(y*a t {x)) . 
This implies that the mapping R — > C : t i— > (u t A(x), TeA(y)) is continuous. 

Therefore (and because ||uf|| < 1 for every fell), result (*) implies that the mapping R — > C : t i— > 
(utv,w) is continuous for all v,w £ H. 

Consequently, the mapping R — > B(H) : i u t is a strongly continuous unitary group representation of 
R on if. The result follows by the Stone theorem. ■ 



Terminology 2.17 Consider a C* -algebra A and an element T affiliated with A. A truncating sequence 
for T is by definition a sequence (e„)^° =1 in M(A) such that : 

1- ( e n)^Li is bounded and converges strictly to 1. 

2. We have for every n G N that e„ is a left and right multiplier of \T\ and \T\ e n = e n \T\ . 

It is not difficult to check that the functional calculus for \T\ guarantees the existence of such a truncating 
sequence for T 

Let us fix for the moment an element T affiliated with a C*-algebra A and a truncating sequence (e n )^L 1 
for T. Then we have the following properties. 

• Take m G IN. We know for every x G A that e m x belongs to D(\T\), so e m x belongs to D(T). 
Furthermore 

||T(e m .T)|| = || |T|(e m x)|| . 

This implies that Te m is a bounded linear operator on A with ||Te m || = || |T|e m ||. So e m is a right 
multiplier of T. 

• Let x G D(T). Then we have for every n G N that 

\\T(e n x) - T(x)\\ = || \T\(e n x) - \T\(x)\\ = || e n \T\(x) - \T\(x)\\ . 
This implies that (T(e„x))^°_ 1 converges to T(x). 

Combining this with the closedness of T, this implies for every x G A that x belongs to D(T) if and 
only if the sequence (T(e n x)^_ 1 is convergent in A. 

Proposition 2.18 Consider a C* -algebra A and an element T affiliated with A. Let ip be a densely 
defined lower semi-continuous weight on A with GNS- construction (H,A,n). Let a be an element in 
D(T)njV;, then : 

1. We have that T(a) belongs to Af v A(a) belongs to D(tt(T)). 

2. LfT{a) belongs to Af v , then A(T(a)) = 7r(T)A(a). 
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Proof : Take a truncating sequence {e n )'^ =l for T. It is not too difficult to check that 7r(T)7r(e„) = 
ir(Te n ) e B(H) and 7r(e„)|7r(T)| C |7r(T)|7r(e n ) = 7r(|T|e„) E B(H). 

• Suppose that T(a) belongs to N v . Because a belongs to D(\T\) and (|T| a)*(\T\ a) = (Ta)*(Ta), 
we see that \T\ a also belongs to N v . 

Fix n e N. We know that |T|e„ belongs to M(A) and e n |T| C \T\e n . We know also that 7r(|T|)7r(e„) 
belongs to B{H) and |7r(T)|7r(e„) = 7r(|T|e„). 

Hence, 7r(e„)A(a) belongs to D(\tt(T)\) and 

|7r(T)|(7r(e„)A(a)) = 7r(|T|e n )A(a) = A((|T|e„)a) 
= A(e n (|T|a)) = 7r(e n )A(|T|a) . 

This last equality implies that ( |7r(T)|(7r(e„)A(a)) )°°_., converges to A(|T|a). Therefore A(a) must 
belong to D(\tt(T)\), so it must belong to D(tt(T)). 

• Suppose that A(a) belongs to D(n(T)). Then A(a) will also belong to D(\tt(T)\). 

For every n 6 iV, we have that Te„ belongs to M(A), which implies that (Te n )a belongs to N v and 

A((Te n )o) = 7r(Te„)A(a) = 7r(T)(7r(e n )A(a)) . 

Because A(a) belongs to D(\tt(T)\), this equality implies for every neN that 

||A((Te» - n(T)A(a)\\ = ||7r(T)(7r(e n )A(o) - A(o))|| 

= || |7r(T)|(7r(e n )A(a) - A(o))|| = || n(e n ) \n(T)\A(a) - \n(T)\A(a)\\ 

So (A((Te„)a))^ =1 converges to 7r(T)A(a). 

We also know that (T(e„a))^ 1 converges to T(a), so the closedness of A implies that T(a) belongs 
to Af v and A(T(a)) = 7r(T)A(o). 



3 Weights arising from GNS-constructions 

In this section, we gather some results from [§2| and Ea]. Except lemma |3^ , all the results and proofs 
in this section are due to Jan Verding and can be found in p^| and jt5|. However, due to the lack of 
availability of these two works, we feel it necessary to include the proofs here. 

Consider a C*-algebra A, a Hilbert space H, a dense left ideal N of A and a linear map A from N into 
H with dense range. Assume furthermore the existence of a *-homomorphism tt from A into B(H) such 
that 7r(x)A(a) = A(xa) for every x £ A and a 6 N. 

Notation 3.1 We define the sets 

J = {w£# We have that uj(a*a) < ||A(a)|| 2 for every a E N} 

and 

G = {Xlu I w e f,Ae]0,l[ } . 
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Remark 3.2 Consider u> G T . Then it is not difficult to see that there exists a unique element T G B{H) 
with < T < 1 such that (TA(a),A(6)) = u;(b*a) for every a, 6 G AT. We get also that T belongs to 
tt(A) 1 . The techniques used to prove these results can also be found in the proof of the next lemma. 



Lemma 3.3 Consider a positive sesquilinear form on N such that s(abi,b 2 ) = s(b\,a*b 2 ) for all a € A 
and all 61,62 G N. Suppose moreover that there exists a positive linear functional 8 on A such s(b,b) < 
0(6*6) for every b G N. Then there exists a unique positive linear functional u on A with uj < 9 such that 
uj(b 2 61) = s(&i, 62) for every 61, 6 2 € N. 

Proof : Let (71", H, v) be GNS-object for 9 (v is a cyclic vector). 

Because s is a positive sesquilinear form on N, we can use the Cauchy-Schwarz inequality for s. So we 
have for every 61 , 6 2 G N that 

b 2 )\ 2 < «(6i, 61) s(b 2 , 6 2 ) < 9{b\ 60 9{b* 2 6 2 ) = |k(6 1 )«|| 2 Mb 2 )v\\ 2 . 

Therefore we can define a continuous positive sesquilinear form t on H such that t(n(bi)v, 7r(&2)u) = 
s(6i, 62) for every 61, 62 € JV. It is clear that f is positive and ||t|| < 1. 

So there exist an element T € B(H) with < T < 1 such that t(a;, y) = (Tx, y) for every x,y £ H . 
This implies that (Ti:(bi)v, 7r(62)w) = 5(61,62) for every 61,62 € iV. 

Next we show that T belongs to tt(A)'. Therefore, choose a e N. 
We have for every 61, 6 2 G N that 

(Tir(a) n(bi)v, 7r(6 2 )u) = (T7r(a&i)u, 7r(6 2 )u) = s(a6i, 6 2 ) 
= s(bi,a*b 2 ) = (r7r(6i)w,7r(a*6 2 )w) 
= (T7r(6i)u, 7r(a*)7r(6 2 )w) = (7r(a)T7r(6i)w, 7r(6 2 )w). 

This implies that Tir(a) = n(a)T. 

Now wc define the continuous linear functional w on A such uj(x) — (Ttt(x)v, v) for every x G A. 
Using the fact that T belongs to n(A)', we have for every 61, 62 G N that 

co(6* 61) = (Tn(b* 2 h)v, v) - (T7r(6i)«, Tr(b 2 )v) = s(b u b 2 ). 

Consequently, we have for every 6 G N that uj(b* 6) = s(6, 6), implying that < uj(b*b) < 9(b*b). This 
implies easily that < u < 9. ■ 



Lemma 3.4 Consider a unital C* -algebra C. Let T\,T 2 be elements in C with < T\,T 2 < 1, let 7 be 
a number in ]0, 1[. Then there exist an element T G C with < T < 1 and such that 7T1 < T, jT 2 < T 
andT < ^(Ti+Ta). 



Proof : For the moment, fix i G {1, 2}. We define 



1-7^ 

It is then easy to check that 



G C. 



^ = 7XV ( a ) and Si<-^Ti (b). 

1 + bi 1 - 7 
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Next, we define 

51 + 5*2 
1 + Si + S 2 

We get immediately that < T < 1. By (b), we have that T < 5i + S 2 < j^(Ti + T 2 ). 

We know that the function R + — > R + : t i— > is operator monotone (see Jl3|l)- This implies for every 

j = 1,2 that 

where we used (a) in the last equality. ■ 

We now use these two lemmas to proof the following useful proposition. 
Proposition 3.5 The set Q is upwardly directed for the natural order on A* + . 

Proof : Choose u)\,u) 2 G T and Ai, A2 G]0, 1[. Then there exist a number 7 G]0, 1[ such that Ai, A2 < 7. 



By the remark after notation 3.1, we know that there exist T\,T 2 in it (A)' such that < T\,T 2 < 1 and 



such that u)i(y*x) = (T 1 A(x),A(y)) and w 2 (y*x) = (T 2 A(x),A(y)) for every x,y e N. 

The previous lemma implies the existence of T € it (A)' with < T < 1 and such that 7 T\ <T,jT 2 <T 
andT< T ^(Ti+T 2 ). 

Put A = max(^, 4f ) e]0, 1[. Then AT > A7 T x > AiTi and analogously, AT > A 2 T 2 . (a) 
Define 6 = + lo 2 ) e A* + 

Next, we define the mapping s from N x N into C such that s(x, y) = (TA(x), A(y)) for every x, y € N. 
Then s is sesquilinear. Furthermore: 

• We have for x G N that 

< (TA(x),A(y)) < -X_ (( Tl +T 2 )A(z),AG/)) = t 1 - (^1(^0;) + u 2 (x*x)), 
1 — 7 1 — 7 

which implies that < s(x,x) < 0(a;*x). 

• We have for every x,y E N and a E A that 

(TA(ax),A(y)) = (T*(a)A(x), A(y)} = (Tr(a)TA(x), A(y)) 
= (TA(x), ir(a*)A(y)) = (T A(x) , A(a* y)) 

which implies that s(ax,y) = s(x,a*y). 

This allows us to apply the previous lemma. Therefore, we get the existence of uj € A* + with lu < 9 and 
such that s(x, y) = oj{y*x) for every x, y G N. 

Then we have for every x G N that 

lu{x*x) = s(x,x) = (TA(x),A(x)) < \\A(x)\\ 2 

which implies that u) belongs to T . 

By (a), we have moreover for every x G N that 

Xu(x*x) = X(TA{x),A(x)) > Ai (T 1 A{x),A(x)) = Mwi(x*x) 

so we see that Ai W\ < Aw. We get in a similar way that X 2 lu 2 < Xuj ■ 

This allows us to give the following definition : 
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Definition 3.6 We define the weight ip on A such that <p>(x) = sup{w(x) | lo G J 7 } for every x G A + . 
Then ip is a densely defined lower semi- continuous weight on A such that N C J\f v and ip(x*x) < ||A(a;)|| 2 
for every x G N. 



In the last proposition of this section, we will improve the relationship between ip and the mapping A 
(under some extra conditions). 

Lemma 3.7 Let E be a normed space, H a Hilbert space and A linear mapping from within E into H. 
Let (xi) ie i be a net in D(A) and x an element in E such that (xi) ie j converges to x and (A(xi))i e i is 
bounded. Then there exists a sequence (y n )^=i in the convex hull of {xi \ i G /} and an element »eff 
such that (j/n)^! converges to x and (A(y n ))'^L 1 converges to v. 

Proof : By the Banach-Alaoglu theorem, there exists a subnet (x ij of (xi) ie i and v G H such that 
(A(x ij ))j e j converges to v in the weak topology on H. (For this, we need H to be a Hilbert space.) 

Fix n G IN. Then there exists j n G J such that \\xi j — x\\ < — for all j G J with j > j n . 

Now v belongs to the weak-closed convex hull of the set { A{xi j ) \ j G J such that j > j n }, which is the 

same as the norm-closed convex hull. 

Therefore, there exist Ai, . . ., A TO G R + with X^feLi = 1 an d elements «i, . . ., a m G J with ct\, . . ., a m > 
j n such that 

m 

Put y n = YJk=i ^kx iak . Then y n G D(A), and A(y n ) = YJk=i x kA(x iak ). 
Therefore, we have immediately that \\v — A(y n )\\ < i. 
Furthermore, 

m fit _^ 

Y,\ k {x-x iak ) <^A fc - = - 



fc=i 



< 

n n 

fe=i 



Therefore, we find that (y n )5£Li converges to x and that (A(y„))^L 1 converges to w. ■ 

Using this lemma, we can prove the result we need later on. 
Proposition 3.8 Suppose that 

• The mapping A is closed. 

• There exist a net (ui) ie i in N and a net (Si)i e i in B{H) such that 

1. We have for every a £ N and i G / that that A(aui) = SiA(a). 

2. We have for every i G / that \\Si\\ < 1. 

3- (ui)i e i converges strictly to 1 and (Si)i e i converges strongly to 1. 
Then {H, A, 7r) is a GNS- construction for p and T = J 7 V . 
We have moreover the following results : 

Define for every i G / the element u>i G ^4^ such that uj,i{x) = p(u*xu,i) for x G A. Then we have for 
every i G / that uii belongs to T . Furthermore, 

1. Consider x G M. v , then (oji(x)) converges to <p(x) . 
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2. Consider x £ A + , then ip(x) = sup{ Wi{x) \ i £ 1} 



Proof : Choose i £ I. Then we have for every a £ N that 



uji(a*a) = ip(u*a*aui) = (A(aUj), A(au l )) = (S l A(a), S l A(a)) . 



(*) 



Because ||Si|| < 1, this implies that LOi(a*a) < ||A(a)|| 2 for every a £ N. Therefore w, belongs to T. 

• Choose a £ N. Because (Si)iei converges strongly to 1, equality (*) implies that (uji(a*a)) i 
converges to ||A(a)|| 2 which implies that ||A(a)|| 2 < ip(a*a), so <p(a*a) — ||A(a)|| 2 . 



Because (aui)i 6 / converges to a, the previous lemma implies the existence of a sequence {b n )'^' =1 in 
D(A) and v e H such that {b n )^ =1 converges to a and (A(6„))^ 1 converges to v. Therefore the 
closedness of A implies that a belongs to N. 

Because of the definition of ip, this last result implies also that M v C N which implies that = N v . 



4 Relatively invariant one-parameter groups 

In this paper, we will have to use one-parameter groups which are relatively invariant with respect to 
some closed mappings arising from the GNS-construction for weights. In this section, we will gather some 
results about such objects. 

In this section, we consider two Banach spaces E,F, a subspace N of E and a closed linear map A from 
N into F. Let a be a strongly continuous one-parameter representation on E such that there exists a 
strongly continuous one-parameter representation u on F together with a strictly positive number A such 
that we have for every (eR and a G N that a t (a) belongs to N and A(a t (a)) = As u t A(a). 

The techniques used in the proof of the following lemma will be frequently used. 
Lemma 4.1 Consider y, z e C, n € IN and a G N. Then 



• Consider a € A such that the net (wj(a*a))j e / is bounded. 

We have for every i £ I that Wj £ T which by the definition of ip implies that 



||A(aUi)|| 2 = (A(atij), A(aitj)) = tp(u*a*aui) = Lo t {a*a) 



Therefore the net (A(aiij)) 



is bounded. 




belongs to N and 
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Proof : By assumption, we have for every tsR that exp(— n 2 (t — z) 2 ) \ yt a* (a) belongs to N and 

A(exp(-n 2 (i - z) 2 ) X yt ot(o)) = exp(-n 2 (t - zf) X^ + ^ u t A(a) . 
This implies that the function 

R -> F : < h-> A(cxp(-n 2 (t - z) 2 ) A yt a f (a)) 
is integrable. Using lemma |l.l| , we get that 

J exp(-n 2 (t- z) 2 )\ yt a t (a)dt 

belongs to N and 

A( [ exp(-n 2 (t- z) 2 )\ yt a t (a)dt) = [ A(exp(-n 2 (t - z) 2 ) \ yt a t (a)) dt 



{-n 2 {t - z) 2 ) Ut A{a) dt. 



exp 



The following lemma follows easily from the previous one. 
Lemma 4.2 Consider a S N, n £ IN and define 

b= —= I exp(—n 2 t 2 ) at (a) dt . 
V 71 " J 

Then b is analytic with respect to a and we have for every z £ C that a z (b) belongs to N 

A first application can be found in the following result : 
Proposition 4.3 Define the set 

C — {a *E N \ a is analytic with respect to a and a z (a) belongs to N for every z G C } 

Then 

1. C is a core for A. 

2. Let z be a complex number. If N is dense in A, then C is a core for a z . 

Proof : Define for every neW and a £ N the element 

a(n) = —= / cxp(— n 2 i 2 ) at(a) dt , 
V n J 

which belongs to C by the previous lemma. 



1. Choose x £ N. By lemma 4.1, it follows that 



A(x(n)) = —= I exp(-n 2 r)A 2 u t A(x) dt 
V n J 

for every n £ N. This implies that (A(x(n)))°^_ 1 converges to A(x). It is also clear that (a;(n))£ 
converges to x. 
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2. If iV is dense in A, proposition 1.15 learns that the set (a(n) \ a £ N, n S K } is a core for D(a z ). 
This implies immediately that C is a core for D(a z ) in this case. 



Proposition 4.4 Consider z £ C and a £ N n D(a z ) such that a z (a) belongs to N . Then A(a) belongs 
to D(u z ) and u z A{a) = \~i A(a z (a)). 



Proof : Choose n€K and define 

n 



'= / exp(-n 2 i 2 ) u t A(a) dt £ F . 

7T J 

It is clear that v n belongs to D(u z ) and 

u z (v n ) = — / exp(-7i 2 (i - zf)utA(a) 



By lemma 4.1, we know that 

Tl f t 

— = / exp(-n 2 (i - z) 2 ) A~ 3 a t (a) dt 

VT J 



belongs to N and 

A(-^= I exp{-n 2 {t- zf)\-i a t {a)dt) = u z (v n ) (*) 



Because a belongs to D(a z ), we have that 

— j= / exp(-n 2 (i - z) 2 ) A~^ at (a)dt = —= \ exp(-n 2 t 2 ) a t (a z (a)) dt . 

V7i"7 V n J 



Using lemma 4.1 once more, this implies that 

A(-^= / exp(-n 2 (t - z) 2 ) A~^ a t (a) dt) = \~% — = / exp(-n 2 t 2 ) u t A(a z (a)) dt . 
V n J ' J 

Comparing this equality with equality (*), we get that 

u z {v n ) = A~* — = / exp(-n 2 t 2 ) u t A{a z {a)) dt . 



This implies that converges to A i A(a z (a)). It is also clear that converges to A(a). 

Therefore, the closedness of u z implies that A(a) belongs to D(u z ) and u 2 A(a) = A~^ A(a z (a)). ■ 

Proposition 4.5 Consider z £ C one? a 6 JVfl D(a z ) such that A(a) belongs to D(u z ). Then a z (a) 
belongs to N and A(a z (a)) = A^ u z A(a). 

Proof : Choose n £ IN and define 

b n = —= I exp(-n 2 t 2 ) a t (a z (aj) dt . 

V n J 

We also have that 



b n = J cxp(~n 2 (t ~ z) 2 ) a t (a) dt . 
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Therefore, lemma 4.1 implies that b n belongs to N and 



A(6„ 



exp(-n 2 (i - z) 2 ) A 2 u 4 A(a) <it 



Because A(a) belongs to D(u z ), we get from the previous equation that 



A(6„) = A 2 " -= / exp(-n 2 t 2 ) A 2 it f (u*A(a)) df 



It is clear from this last equation that (A(6 n ))°^_ 1 converges to At u z A(a). It is also clear from the 
definition that (6 n )^L x converges to a z (a). Therefore, the closedness of A implies that a z (a) belongs to 
N and A(a z (a)) — A^ u z A(a). ■ 



Corollary 4.6 Consider z G C and a G JVnD(a z ). TTien A(a) belongs to D{u z ) a z (a) belongs to N. 



5 KMS-weights arising from certain GNS-constructions 

In Q and pH , Jan Verding introduced a construction procedure for weights starting from a GNS- 
construction. We want to repeat this procedure, but we want to end up with a KMS-weight. In order to 
do so, we have to impose stronger conditions on the ingredients of the construction procedure. In a last 
part, we describe the natural case where a KMS-weight is obtained from a left Hilbert-algebra. 

First we prove some technical results. 

Consider a C*-algebra A, a Hilbert space H, a dense left ideal N of A and a closed linear mapping A from 
N into H. Let a be a norm continuous one-parameter group on A and suppose there exists a positive 
injective operator V in if and a strictly posive number A such that at(a) G N and A(at(a)) = As V**A(a) 
for every teR and a E N. 

Lemma 5.1 Consider a £ N n N* and neN and define 

b= —= \ exp(-n 2 t 2 )a t (a)dt . 
V 71 " J 

Then b is analytic with respect to a and a z (b) belongs to N n N* for every zsC. 



Proof : Choose z£C. By lemma 4.2, we know already that a z (b) belongs to N. 
We also have that a* belongs to N and that 



exp(— n t ) a t (a*) dt , 



so lemma L2 implies in this case that a z (b*) belongs to N. Because a z (b)* = a z (b*), we see that a z (b) 
belongs to N* . ■ 



Define the set 



C = { a G N n N* | a is analytic with respect to a and a z (a) belongs to N n iV* for every z G C } . 
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Proposition 5.2 We have the following properties : 

1. For every x G N n N* , there exists a sequence (i n )™ =1 in C such that (x n )'^L 1 converges to x, 
(A(a; n ))^_ 1 converges to A(x) and (A(a;*))^L 1 converges to A(x*). 

2. If N PI N* is a core for A, then C is a core for A. 

3. Let z be a complex number. Then C is a core for a z . 

Proof : Define for every ii£K and a G N n N* the element 

a(n) = —= / exp(— n 2 t 2 ) a t (a) dt , 
V n J 

which belongs to C by the previous lemma. 

1. Choose x G N n A*. Again, we see immediately that (x(n))^ D =1 converges to x. Because x belongs 



to N, the proof of proposition O learns us that (A(a;(n))) —1 converges to A(x). 

We have for every n G IN that cc(n)* = so the same proof tells us that (A(x(n)*))^ 1 

converges to A(x*). 

2. This follows immediately from the previous statement. 



3. This is proven in the same way as the second statement of proposition 4.3 



The proof of the following result is due to A. Van Daele and J. Verding. 

Proposition 5.3 Consider z G C. Then there exists a net (uk)k£K in C D A + consisting of analytic 
elements for a and such that 

• We have for every k G K that \\u^\\ < 1 and \\a z (uk)\\ < 1. 

• The nets (uk)keK and (a z (uk))keK converge strictly to 1. 

Proof : Because A is a dense left ideal in A, we know that there exists a net (e g ) g£ Q in N n A + such 
that |je g || < 1 for every q G Q and such that {e q ) q ^Q converges strictly to 1. 

For every q G Q and 5 > 0, we define the element 



S f 

j(5) = —= \ exp{-S 2 t 2 ) a t {e q ) dt G A + 
V n J 



which is clearly analytic with respect to a and satisfies ||e g (5)|| < 1 and ||a z (e q (5))|| < exp(i5 (Im z) ) 
Lemma 5.1 implies that e q {6) G C for every q G Q and S > 0. 



By proposition 1.38, we have for every S > that (e q (5)) g ^ and ( Q; z( e g(^))) gg Q are bounded nets which 
converge strictly to 1. 

Let us now define the set 

K = { (F, n) | F is a finite subset of A and ngN}. 
On K we put an order such that 

(Fi.nx) < (F 2 ,n 2 ) <=> F x C F 2 and n x < n 2 
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for every (i*i, m), (F 2 , n 2 ) € if. In this way, if becomes a directed set. 
Let us fix k = (F, n) G K. 

Firstly, there exist an element Sk > such that | exp(— 5\ (Im zf) — 1| < ^ J^f+T f° r evei T x € F. 
Secondly, there exist qk & Q such that 

• We have that ||e gfc (^fe) x — x|| < ^- for evey x G F. 

• We have that \\a z (e qk (Sk)) x — x\\ < ^ for every x <E F. 

• We have that ||a;a z (e 9fc ((5fc)) — x|| < ^ f° r every x G F. 
Now we define Ufc = exp(-<5| (Im z) 2 ) e gfc (<5 fe ) eCfl A + . 

It follows that Ufc is analytic with respect to a and ||ufe|| < 1. We have also that 

KK)II - cxp(-(5 2 (Im z) 2 ) \\a z (e qk (S k ))\\ 

< exp(-<S 2 (Im zf) exp(-«5 2 (Im z)) = 1 

Now we prove that (uk)keK converges strictly to 1. 

Choose x £ A and e > 0. Then there exists n in K such that — < e. Put fc = ({x},n ) G K. 
Take k = (F,n) £ K such that fc > ho, so x belongs to F and n < n. Therefore, 

\\u k x - x\\ = || exp(-<^ (Im z) 2 ) e qk (S k ) x - x\\ 

< || cxp(-<5fe (Im z) 2 ) e qk (8 k ) x - cxp(-c5 2 (Im zf) x\\ + \\ exp(-5l (Im zf) x - x\\ 
= exp(-<5 2 (Im zf ) || eto (4)x- 2 ;||+|cxp(- ( 5 2 (Im zf ) - 1| ||.x|| 

* lle - (4) * " *« + MMTT) INI ^ + 1 = ^ £ ' 

Because (uk)keK consists of selfadjoint elements, this implies that (uk)keK converges stricly to 1. 
Completely analogously, one proves that (a z (v,k) x)k^K converges to x for every x G A (just replace Uk 
by a z (uk) in the proof above). Similarly one proves that (x a z (u k ))keK converges to x for every x G A. 
Consequently, we have that {a z (uk))keK converges strictly to 1. ■ 



5.1 The first construction procedure. 

In the first construction procedure, wc will use the following ingredients: 

Consider a C*-algebra A and a Hilbert space H. Let N be a dense left ideal of A, A a closed linear 
mappping from N into H with dense range and n a non-degenerate representation of A on H such that 
7r(x)A(a) = A(xa) for every x € A and a G N. 
Furthermore, assume the existence of 

• a norm continuous one-parameter group a on A 

• an injective positive operator V in H 
such that: 

• We have for every a G N and t G R that a* (a) belongs to N and A(a t (a)) = V lt A(a). 

• There exists a core K for A such that 
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1. K C D(a±), a^{K)* C AT an d ||A(ir)|| = ||A(«Xi(ai)*)|| for every x eK. 

2. a t (K) C A' for every i G R. 

Our first objective is to extend the property about AT to N n D(a±). 

In this section, we will use the following notation: For every a £ A and n £ N, we put 



7? 



/7T 



a(n) = — ^= / exp(— n 2 t 2 ) cr t (a) (it , 



it is clear that a(n) is analytic with respect to a. 



Furthermore, we know from lemma 4.1 that we have for every a G N and n G N that a(n) belongs to A" 
and 

A(o(n)) = -?=/" exp(-n 2 < 2 ) V l *A(a) dt. (1) 

V T 7 

Lemma 5.4 FKe Ziaue rj/ie following properties: 

1. We have for every x G K and neN that x(n) £ N D D(a±) and a±(x(n))* £ N. 

2. We have for every x,y £ K and m, n G IN i/iai 

(A(y(n)),A(x(m))) = (A^ (x(m))*), A(a, (y(n))*)> . 

Proof : 

1. Choose x G AT and n G IN. By equation [l], we know already that x{n) belongs to N. We also have 
that x(n) belongs to D(a±). The fact that x belongs to D(a±) implies that 

a i (x(n)y = (* i (x)(n)y = * i (x)*(n) (a) 

Therefore, equation [j] and the fact that a±(x)* G N imply that a±(x(n))* belongs to N. 

2. Choose x, y G K and m, n € N. Using equation (a) from the first part of the proof and equation |l| 
once more, we get the following equalities 

(A^sMn.A^Mn))*)) = (A(ai(x)*(m)),A(ai(y)*(n))) 

= ^r/ [eM-(m 2 s 2 + n 2 t 2 ))(V is A(a i (x)*),V it A(a i (y)*))dsdt (b) 
By polarisation, we get that 

(A(o),A(6)) = <A(a 1 (6)*),A( t r 4 (a)*)) 

for every a,b £ K. 

Fix s,i G R. By assumption, we know that a s (x),at(y) belong to AT. So, using the previous 
equality, we see that 

<V is A(^ (*)*), V^jG/)*)) = (A(a s (a ±2 (*)*)), A(<7 t (<7< (y)*))) 

= (A((7j((7.(x))*),A((r 4 (a- t (y))*)) = (A(a t (2/)), A(<7.(i))) = <V rf A( y ), V fa A(z)> 

Substituting this equality into equation (b) gives us that 

(A( - i (a;(m))*),A( ( 7i(y(n))*)) = —f /exp(-(m 2 s 2 + n 2 < 2 )) (V l *A(y), V JS A(a;)) ds dt 
2 2 if J J 

= <A(y(n)),A(.T(m))> , 
where we used equation [l] in the last equality. 
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Lemma 5.5 We have the following properties: 

1. We have for every x £ N and neK that x(n) £ N n D(a^) and cr* (x(n))* £ AT. 

H. H^e /lave /or every x,y £ N and to, n S IN i/sai 

(A(y(n)),A( a; (m)))=<A( t r 4 ( aJ (m))*),A(<7 i (i/(n))*)) . 

Proof : 

I. Choose x £ N and ngN. We know by equation [l] that x(n) belongs to N. We have also that x(n) 
belongs to D(ai). 

Because K is a core for A, there exists a sequence (a;fc)fcLi m K such that (asfc)fcLi — * x and 
(A(a;/ S ))™ 1 — > A(x). From the previous lemma we know that a;fe(n) belongs to N HD(a±) and that 
<7i(xk(n))* belongs to N for every igN. 

For every fc £ N, we have that 

o-|(z fe (n))* = -|= y exp(-n 2 (t+^) 2 )a t (x^)d< 

and similarly, 

ft l % 
a±(x(n)y = -= / exp(-n 2 (t+-) 2 )a t (x*)dt . 
2 v 71 " J 1 

Comparing these two equations and remembering that converges to x, we get that 

( o"; (xfc(n))* converges to cr, (a;(n))*. (a) 

Because (A(xk))T_ 1 converges to A(x), it is clear from equation |l| that ( A(xk(ri)) )T- t converges 
to A(x(n)). By the previous lemma, we have for every k, I £ IN that 

||A(«7 4 (i,(n))*) - A(ai(x k (n)y)\\ = ||A(x,(n)) - A(a*(n))|| 

Therefore, the convergence of ( A(xk(ri)) implies that ( A(o"i (xfc(n))*) is a Cauchy se- 
quence and hence convergent. (b) 

Using the closedness of A and conclusions (a) and (b), we get that a±(x(n))* belongs to N and 
that ( A(o-| (%k{n))*))'£L 1 converges to A(a±(x(n))*). 

2. Choose x,y £ N and m, n £ N. Then there exists sequences (xk) ( j^ 1 , (yk)kLi m K such that 

(^)r=i - *> (rf=i - ( A (^))r=i -> A (^) and ( A (^))r=i A (y) -> A ^)- " 

By the first part of the proof, we know that ( A(xk(m)) — > A(x(to)), ( A(j/fe(n)) — * 
A(y(n)), (A( ( r,(x fc (TO))*))^ 1 - A(ai(x(m))*) and ( A^y^n))*))" , - A(a, (j/(n)) ; )". By 
the previous lemma, we know that 

(A(j/fc(n)),A(a;fc(m))) = (A(^(a! fc (m))*),A((r 4 ( W (n))*)) 

for every £ IN. This implies that 

(A(y(n)),A(a;(m))) = (A(er i (z(m))*), A(<r < (y(n))*)) . 
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At last, we arive at a final form. 

Proposition 5.6 Consider x £ NnD(a±). Then cr*(x)* belongs to N and ||A(x)|| = ||A(<7i(x)*)||. 

Proof : By the previous lemma, we have for every n £ IN that x(n) belongs to JVfl D(a±), a±(x(n)Y 
belongs to N and ||A(x(ra))|| = || A(cr* (x(n))*)\\ . 
By equation |l|, we have for every neN that 



A(x(n)) = f cxp(-n 2 t 2 )V H A(x)dt 

V7T J 



which implies that ( A(x(n)) )°° = . 1 — > A(x). 

By the previous lemma, we have for every m,jieK that 

\\A(a,(x( m )y) - A(<7i(x(n))*)|| = \\A(x(m)) A(x(n))\\ . 

Hence, the convergence of (A(x(n)))^ 1 implies that ( A(a±(x(n))*) )°^_ is a Cauchy sequence and 
hence convergent. 

Because x belongs to D{a%), we have for every n £ IN that 

a±(x(n))* = —j= I exp(-n 2 i 2 ) a t (a±(x)*) dt , 
2 V 71 " J 2 

from which it follows easily that (cr±(x(n))* converges to <tj.(x)*. 

Hence, the closedness of A implies that a±(x)* belongs to N and (A(<7i (x(n))*)) —1 — » A(<7i.(x)*). 
Because ||A(cri(x(ra))*)|| = ||A(x(n))|| for every n € N, we will also have that ||A(<7i(x)*)|| = ||A(x)||. ■ 

Using the fact that <Ti(<Ti(x*)*) = x for every x £ D((ji), the following corollary follows readily. 

Corollary 5.7 Consider x £ D(a±). Then x belongs to N if and only if at (x)* belongs to N. 

Because K C NCiD(a±), we have that NC\D(a L ) is a core for A. Therefore, A(NC\D(a^)) will certainly 
be dense in H . This allows us to introduce the following definition. 

Definition 5.8 We define the anti-unitary operator J on H such that JA(x) = A(ai(x)*) for every 
x £ Nn D(o±). 

It follows immediately that JA(N n D(<r±)) C A (AT n £>(o"i)) and that J(JA(x)) = A(x) for every 
iGJVn This implies that J 2 = 1. 

The next proposition is crucial in the construction of a weight out of our ingredients. 

Proposition 5.9 Consider a £ D{a±) and x £ N. Thenxa belongs to N and A(xa) = Jir(a±(a))*JA(x) 

Proof : Choose b, y £ N D D(a±). Then we have that yb £ N n D(a±). So, by the definition of J, we 
have that 

JA(z» = A(<7i(y6)*)=A( ( 7i(6)Vi( 2 /)*) 

= 7r(a, 2 (6)*)A(a, (j,)*) = ttL (&)) *JA(y) . 
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Therefore, A(yb) = Jir(a±(b))* JA(y). 

Proposition implies the existence of sequences (a n )^ =1 , (x n )^ =1 in N n D(a±) such that (a n )^ =l 
converges to a, (x n )%L 1 converges to x, (ai(a n ))%L 1 converges to a±(a) and (A(x n ))^ =1 converges to 
A(x). 

This implies immediately that (iEn a n)5£Li converges to xa. 

By the first part of this proof, we know that x n a n belongs to N and 

A(x n a n ) = Jir(ai(a n )y JA(x n ) 

for every n £ IN. This implies that 

(A(x n a n ))^ =1 -> jTT{<7 i {a))*JA{x) . 
The closedness of A implies that xa belongs to N and A(xa) — Jir(a^ (a))* JA(x). ■ 

Define the set 

The following lemma is due to J. Verding and can be found in p3]. 

Lemma 5.10 There exists a net (v,k)keK £ N PI A + and a net (T k ) ke x in ^(A)' such that 

1. We have for every k € K that \\uk\\ < 1 and ||7fe|| < 1. 

2. We have for every k G k that u k is analytic with respect to a . 

3- (uk)keK converges strictly to 1 and {Tk)k£K converges strongly* to 1. 

4- . For every a £ N and k £ K, we have that A(auk) — T k A(a). 



Proof : By proposition 5J: we get the existence of a net (itk)keK in iV n A + consisting of elements 
which are analytic with respect to a and such that 



• We have for every k £ K that ||ufe|| < 1 and ||<7» (uk)\\ < 1. 

• The nets (uk)keK and {o~± (uk))keK converge strictly to 1. 



Choose k £ K and define the element T k — Jir{a i(i/fc))* J £ B(H). We have immediately that < 1. 
Proposition 5.9 implies that A(au k ) = T k A(a) for every a £ N. 

We have also that T k belongs to tt(A)' : Choose a £ A. Then we have for every b £ N that 

Tr{a)T k A{b) = Tr{a)A{bu k ) = ir(ab)A(u k ) = T k A(ab) = T k ir{a)A(b) . 
Hence, ir(a)T k = T k ir(a). 

It is clear that (T k ) k£ x converges strongly* to 1. ■ 

This proposition allows us to use the construction procedure of J. Verding to get a weight (see definition 
3.6 and proposition 3.S). 

Definition 5.11 Define the set 

T ={u£ A* + \ uo(a*a) < \\A{a)\\ 2 for every a£N} . 

We define the mapping p from A + to [0, oo] such that 

p{x) = sup{w(a;) | u> £ J-} 

for every x £ A + . Then ip is a densely defined lower semi- continuous weight on A. We have in this 
case also that AT ^ = N and p{b*a) — (A(a),A(6)) for every a,b £ N. Therefore, (H,n,A) is a GNS- 
construction for tp. 
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Proposition 5.6 implies immediately that ip is a KMS-weight with respect to a. 



5.2 The second construction procedure. 

In the next part of this section, we want to give a second construction procedure for KMS-wcights, 
starting with slightly different conditions on the ingredients than in the previous case. 

In this section we will use the following ingredients: 

Consider a C*-algebra A and a Hilbert space H . Let N be a dense left ideal of A, A a closed linear 
mappping from N into H with dense range and it a non-degenerate representation of A on H such that 
7r(a;)A(a) = A(xa) for every x £ A and a £ N. 
Furthermore, assume the existence of 

• a norm continuous one-parameter group a on A 

• an injective positive operator V in H 

• an anti-unitary operator I on H 
such that: 



We have for every a € N and feR that a t (a) belongs to N and A(a t (a)) — V A(a). 

We have for every x £ N and a £ D(cr±) that xa belongs to N and A(xa) = lTr(<ji(a))*I*A(x). 



If we examine the proof of lemma 5.1C we see that we only use proposition 5.9 and the fact that A is 



invariant under cr, so the conclusion of lemma 5.1C still holds in this case. This allows us to define a 



weight ip in the same way as before (see definition 3.6 and proposition |3.8| ). 

Definition 5.12 Define the set 

T = {uo£ A* + \ uj{a*a) < \\A(a)\\ 2 for every a£N} . 

We define the mapping ip from A + to [0, oo] such that 

ip(x) = sup{w(a;) \u> £ J 7 } 

for every x £ A + . Then ip is a densely defined lower semi- continuous weight on A. We have thatj\f v = N 
and tp(b*a) = (A(a), A(6)) for every a,b£ N. Therefore, (H, n, A) is a GNS- construction for ip. 

We still have to prove that ip is a KMS-weight with respect to cr. 
Define the set 

C = {ffl£JVn N* | a is analytic with respect to a and a z (a) belongs to N n N* for every z £ C } . 

Then C is a sub-*-algebra of A such that C C NC)D(a ± ) and a ± (C)* C N. It is also clear that a z (C) C C 
for every z £<C. 

Lemma 5.13 We have that C is a core for A. 
Proof : We prove first that N n N* is a core for A. 



33 



Choose x <E N . Because N* is dense in A, there exists a bounded net {ek)k£K in N* such that (ek)k&K 
converges strictly to 1. For every k S K, we have that e^a belongs to N*N, which is a subset of 
NC\N*. Because A(efcd) = 7r(efc)A(a) for every k € K, we see that (A(efco)) fcgK converges to A(a). It 
is also clear that {eka)k^K converges to a. 



Therefore, proposition 5.2 implies that C is a core for A. 



Proposition 5.14 We have that ip is a KMS-weight with modular group a. 
Proof : Choose a 6 C. 

Take x € C. Because a belongs to D(a±), we have by assumption that 

(tt(x)A(o),A(o)) = (/f(a,( a ))'fA(x),A( fl )> = (A(x), Jtt^ (a))/* A(a)) 
= (A( a; ),77r(cT_j(a*))*rA(a)) = (A(x), Jtt^ (,-i(a*)))«f A(a)) 
= (A^^A^a*))) = (A^A^a*))) , (*) 

where, in the second last equality, we used one of the assumptions of this second construction procedure 
once again. We know that a_±(a*) belongs to N n D(a_&) and cr_±(a_±{a*)) = er_i(a*) e N. Hence, 



proposition iA implies that A(c7_*(a*)) belongs to D(V 2 ) and 

vU(<r_i(a*)) = A(<7_ i (a*)) . 

Similarly, we have that a*x belongs to N n D(a_±) and er_±(a*a;) belongs to iV. Therefore, A(a*x) 
belongs to D(V^) and 

V*A(a*x) = A(a_^(a*x)) . 
Using these two results, equation (*) implies that 

(7r(a;)A(o),A(o)) = (A(o*as), V*A(ff_|(a*))) = (V*A(o*a;),A((rj(o)*)) 
= (A(a_ 4 (a*z)),A(aj(a)*)) = (A(a_ i («*) <r_j (a;)), A(a 4 (a)*)) 
- (Jtt^j (a_ < (*)))*/* Afc^ (a*)),A(a, (a)*) 
= </7r(a ; )*rA(a i ( a )*),A(a,(a)*)). 

Because C is dense in A and 7r is non-degenerate, this equality implies easily that we can replace x in 
this equality by 1. Hence, 

(A(a),A(a)) = (A( < 7 i (a)*) ) A(<Ti(a)*)) . 



The conclusion follows from proposition 5.6 



5.3 The last one. 

In the last part of this section, we describe a natural way to get a KMS-weight on a C*-algebra from a 
left Hilbert algebra. 

Consider a Hilbert space H and a left Hilbert algebra U on H with modular operator V, modular 
conjugation J and associated faithful semi-finite normal weight tp on C(U). Hence 

M(p = { L v | v E H such that v is left bounded with respect to U } 
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and (f((L w )*(L v j) = (v,w) for every v, w in H which are left bounded with respect to U. We have also 
that 

^nAfi = {L v \veU"} . 

Let A be a C*-algebra and it a nondegenerate * -representation of A on H such that n(A) C CiU) and 
suppose there exists a one-parameter group a on A such that n(a t (a)) = V lt 7r(a)V~ l * for every tgR 
and a G A. 

By definition, tpir will denote the mapping <po (ir \ A +) from A + into [0, oo]. We put <p — ipn. 
Then ip is a lower semi-continuous weight on A such that 

• M+ = { a g A | 7r(a) belongs to M~t } 

• M v C { a g ^4 I 7r(a) belongs to } 

• Af v = { a e A | 7r(a) belongs to A/^ } 

• ^nW* = {aei| n (a) belongs to Mq, (lAf* } 
and ip(a) = <p(Tr(a)) for every a € A^ v . 

Define the following mapping A from Af v into : For every a e A/" v , there exists a unique element 
v £ H such that w is left bounded with respect to U and L v = ir(a) and we define A (a) = v, so we get 
that L A(o ) = 7r(a). 

In the following, we will suppose that J\f v is dense in A and that A(Af v ) is dense in H . 
It is not difficult to check in this case that (H, A, ir) is a GNS-construction for <p. 
It follows easily that A(Af v C\N*) C W" and A (a)* = A(a*) for every a e N v C\N*. 

Proposition 5.15 We have that ip is a KMS-weight with modular group a and such that A(cr t (a)) = 
V**A(a) for every a <G Af v . 

Proof : 

1. Choose a G Af v and t e R. Then A(a) is left bounded with respect to U and La( ) = 7r(a). 
So 7r(<7 t (a)) = y it n(a)y~ it = V"i A ( a ) V _it . Hence, the Tomita theorem implies that V**A(a) is 
left bounded with respect to W and £ v «A(a) = V I *LA(a)V _tt = 7r(a- t (a)). This implies that <7 t (a) 
belongs to Af v and A(a t (a)) = V lt A(a). 

From this, we get immediately that ip is invariant under a. 

2. Choose b g D(a_^) DAf^OAf* and y e Af* f\Af v . Then belongs to Af^DAf*. 

The function 5(— |) — ► B(H) : u i— > 7r(er u (&)) is continuous on 5(— |), analytic on 5(— 1)° and 
7r(crt(6)) = V J *7r(6)V~ J * for every i g R (by assumption). This implies that L>(V27r(fe)V~5) = 
D(V-i) and V5tt(6)V-3 c tt(ct_ $(&)). (a) 

Because y belongs to Af v n A/"* , A(j/) belongs to U" and A(y)* = A(y*). Therefore we have that 
JA(y) belongs to D(V~?) and JA(y) = A(y*). Using (a), we have also that 7r(fe)V~5 JA(y) 
belongs to £>(V*) and Vi(7r(6)V-* JA(y)) = ir(a_±(b))JA(y). 

These two results imply together that A(by*) belongs to D(\/i) and V^A(&y*) = n(a_ < (b))JA(y) 

Because fey* belongs to A/" v DAf*, we have that J\7^A(by*) = A(yb*). Substituting this in the last 
equality gives us that 

A(yfe*) = Jn(a_ ±2 (b))JA(y) (b) 
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) nAfp r\Af* is a core for a_ 



We 



Because A/^H N* is dense in A, proposition ^2 implies that D(a_ 
know also that A/^ DAfl is a core for A. Using these two facts and equality (b), it is now rather easy 
to prove for every a £ D(a_±) and x £ Af v that xa* belongs to J\f v and A(xa*) = Jw(a_±(a))JA(x) 



Proposition 5.14 implies that ip is KMS with respect to a. 



Proposition 5.16 We have that A(A/" V (~l A"*) is a sub left Hilbert algebra ofU" and A(M ip CiAf*)" = U" . 

Proof : Because ip is a densely defined lower semi-continuous weight on A, we know that A(N V HA/"*) 
is dense in H. By a result of frL8| , we see that A(Af ip f) M*) is a sub left Hilbert algebra of 14" . 
Choose neK and a e Af v (lAf*. Define 

a(n) = —= \ exp(— n 2 t 2 ) at (a) dt . 

\/7T ./ 



Lemma 4.1 implies that a(n) belongs to Af v <~)Af* and 



n 



'7T 



A(a(n)) = —= / exp(-nV) V lt A(a)dt . 



Because A(Af v D A/"*) is dense in H, this equation implies that the set ( A(a(n)) | n G N, a S N v O A/"* ) 
is a core for V 5 . Therefore, we get that A{J\f v <~)Af*) is a core for V'. 

Hence, left Hilbert algebra theory implies that A(N V n TV*)" = U" . ■ 



6 Properties of KMS-weights 

In this section we will prove important properties of KMS-weights but we will start of with some equivalent 
definitions of KMS-weights. 

Proposition 6.1 Consider a C* -algebra A and a densely defined weight ip on A with GNS- construction 
(H,A,tt). Let a be a norm continuous one-parameter group on A. Then ip is a KMS-weight with respect 
to a if and only if 

1. The mapping A : Af v ^ H is closed. 

2. We have that ipat = ip for every t £ R. 

3. There exists a core K for A such that 

• K is a subset of D(a±), ai_{K)* is a subset ofAf v and ||A(x)|| = || A(a± {x)*)\\ for every x G K. 

• We have that at(K) C K for every ieR. 



This proposition is a direct result of definition p. 11 
consequence of definition 5.12 and proposition 



5.14 



and proposition 5.6. The next proposition is an easy 



Proposition 6.2 Consider a C* -algebra A and a densely defined weight ip on A with GNS- construction 
[H, 7T, A). Let a be a norm continuous one-parameter group on A. Then ip is a KMS-weight with respect 
to a if and only if 

1. The mapping A : Af v ^ H is closed. 
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2. We have that pat — tp for every fgR. 



3. There exists an anti-unitary operator I on H such that the following holds. 

There exists a core K for A and a core C for a± such that we have for every x 6 K and a 6 C that 
xa belongs to M v and A(xa) = Iir(a±(a))*I*A(x). 

Notice that the condition of lower semi-continuity of the weight is not assumed. This is replaced by the 
weaker condition of the closedness of the mapping A. 



For the most part of this section, we will fix a C*-algebra A and a KMS-weight tp on A with modular 
group a. Let (H, A, ir) be a GNS-construction for tp. 

Because tp is invariant with respect to a, there exists a unique injective positive operator V on H such 
that V u A(a) = A(a t (a)) for every a £ J\f v . Then we have that 7r(er t (a)) = V it 7r(a)V~ it for every t £ H 
and a £ A. 

Define the set 

C v = {a £ N v n N* | a is analytic with respect to a and cr z (a) belongs to N v n N* for every z £ C } . 
Then C v is a sub-*-algebra of A. It is also clear that a z (C) C C for every z £ C. 

Because ip is lower semi-continuous and densely defined, we know that J\f v D A/"* is a core for A. So, 
proposition 5.2 implies that C v is a core for J\f v . 



Let us also define the set 

K v = {a £ Af v (~} D(a±) | cr±(a)* belongs to N v } . 

Because, C v is a subset of K v , we have that K v is also a core for A. It is also clear that ||A(a)|| 
|| A(<7i (a)*)|| for every a £ K v . Furthermore, o- t (K v ) C for every fgR. 

Definition 6.3 Define the anti-unitary J on H such that JA(a) = A(o~^(a)*) for every a £ K v . 
We have that JK V C K v and J(J(v)) = v for every v £ K v . Therefore, J 2 = 1. 



The proof of the following proposition is the same as te proof of proposition 5.9. 
Proposition 6.4 Consider x £ N v and a £ D(a±). Then xa belongs to N v and 

A(xa) = Jir(o-±{a))*JA{x) . 



In the same way as in the proof of lemma 5.10, the previous proposition and proposition 5.3 imply the 
following one. 



Proposition 6.5 We have that tp is regular and has a truncating net consisting of elements of C, 



Result 6.6 Let k be a natural number. Then (C v ) k is a core for A. 
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Proof : Wc know already that C v is a core for A. So we can suppose that k > 2. Choose x € C v . 
Because (C v ) fc_1 is dense in A, there exists a bounded net (ek)keK in (C^)*" 1 such that (ek)keK converges 
strictly to 1. Then we have for every k £ K that e^x £ (C v ) k . It is also clear that (ekx)k£K converges 
to x. 

Because A(ekx) — ir(ek)A(x) for every k £ K, we get also that (A(ekx)) k£K converges to A(x). 
Because C v is a core for A, this implies that (C v ) k is a core for C v . ■ 



Combining this result with proposition 2.1C, this implies the following result 



Result 6.7 Let k be a natural number. Consider a £ M v PI Af*. Then there exists a sequence {a n )'^L 1 
(C v ) k such that 

2. (A(a„))^ 1 - A(o) 
5. (A«))^^A(a»). 

In the rest of this section, we will prove some familiar results 

Proposition 6.8 Consider a £ £>(ij_j) and x £ M. v . Then ax and xo~-i(a) belong to M.^ and ip(ax) 
ip(xa-i(a)). 

Proof : Choose y,z £ Af v . Because a* belongs to D(a^), we know that ya* belongs to M v and 

A(ya*) = j7r(<7i(a*))*JA(y) = J7r(a_ , (a)) JA(y) . 

Because ay*z = (ya*)*z, we get that ay* z belongs to M.^ and 

ip(ay*z) = (p((ya*)*z) = (A(z), A(ya*)) 

= (A(z), Ma_da))JA{y)) = (Ma_<(a))*JA(z),A.(y)) (*) 



We have that a-i(a) belongs to D(a±) and cri (er_i(a)) = cr_±(a). This implies that za-i(a) belongs to 
M v and 

A(zo--i(a)) = j7r(cr i (cr_ l (a)))*JA(z) = Jn{a_ i (a))* JA(z) . 
Therefore, y*za-i(a) belongs to M.^ and 

<p(y*za- t (a)) = (A(zo-_ 4 (a)), A(y)) = (J7r(o-_ 4 (o))*JA(«) s A(y)) . 

Comparing this with equation (*), we see that ip(ay*z) = (p(y*zo~-i(a)). ■ 

Corollary 6.9 Consider a £ D(o~i) and x £ M. v . Then xa and ai{a)x belong to M v and <fi(xa) — 
ip(ai(a)x). 



Now, we prove a generalization of proposition 6.4. 

Proposition 6.10 Consider x £ Af v and a £ D(a±). Then xa belongs to M v and 

A(xa) = Jn(a±(a))*JA(x) . 
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Proof : Choose y € Af v and b G D(a±). By proposition 6.4, we know that yb belongs to Af v and 
A( v 6) = J7r(ff 4 (6))VA(y). 

We have also that 6a belongs to D(a±) and a±(ba) = a±(b) a±(a). Using proposition 6.4 once more, we 
see that (yb)a belongs to N v and 

A((yb)a) = J-K{ai_{ba)yjk{y) = Jir(a±(a))*J Jn(o-±(b))* JA(y) = Jn(a .(a))* J A(yb) . 

Because (C v ) 2 is a core for A, we have that ( yb \ y € Af v , b G D(a±)) is a core for A. Using the results 
of the previous discussion, this implies easily that xa belongs to A/^ and A(xa) — jTr(a±(a))*JA(x). ■ 



Therefore, we can prove the next proposition in the same way as proposition 6 



Proposition 6.11 Consider a G D(a-i) and x G Ai v . Then ax and xo~-i(a) belong to A4 V and ip{ax) — 
(p(x<7-i(a)). 

Corollary 6.12 Consider a € D{ai) and x G A4 V . Then xa and o~i(a)x belong to M v and tp(xa) — 
(p(ai(a)x). 



Another consequence of proposition ^4 can be found in the following proposition. 



Result 6.13 Consider a,b 6 A. Then we have that J j n{a)J and n(b) commute. 
Proof : Choose c S D(a±). 

Take x G Af v . Then xc belongs to Af v and A(xc) = Jtt(<7± (c))* JA(x). So bxc belongs to Af v and 

A(bxc) = n(b)A(xc) = tt(6) J-k{cti (c))* JA(x) . 

On the other hand, we have that bx belongs to Af v and A(bx) — 7r(6)A(x). This implies that bxc belongs 
to Af v and 

A{bxc) = jTr(o-j_{c))*JA(bx) = jTT(a^{c))*jTT{b)A(x) . 
Comparing these two expressions for A(bxc), we see that 

tt(6) jTT{a^{c))*JA{x) = j7r((T^(c))*j7r(6)A(a;) . 

This implies that n(b) Jir(a^(c))* J = Jtt(ct^(c))* Jtt(6). 

Because er. has dense range in A, the result follows. ■ 



Proposition 6.14 The set A(Af v n AT*) is a core for V 'a and A(a*) — JV? A(a) for every a G JV V C)JV*. 
Proof : Choose a G Af v CiN'*. We know that there exists a sequence a n G C v such that (A(a„))^°_ 1 — * 



A(a) and (A«))^ =1 -> A(o*) (see result gj) 



Choose m G IN. Because a m belongs to Af v n D(a_±) and cr_i(a m ) belongs to A/^, we have that A(a m ) 
belongs to D(V 3 ) and V5A(a TO ) = A(cr_|(a m ))- 

We also know that a* m belongs to Af v n D(aj_) and o-±(a m )* belongs to A/"*. By definition, we have that 

JA«J = A(a< «J*) = A(a_ i (a m )) = V*A(a m ) . 

This implies that (V^A(a n ))^°_ 1 converges to JA(a*). The closedness of implies that A(a) belongs 
to D(V^) and V^A(a) = JA(a*). 
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Choose x e M v n J\f*, n € IN and define 



_/7T 

it is clear that x(n) belongs to Af v DAf* and 



x(n) = —= I exp(—n 2 t 2 )a t (x)dt , 



A(x(n)) = Jl / exp(-n 2 t 2 )V"A(a:)(it . 

V7T J 



Because A(7V 1/ , n A/"*) is dense in H, this implies that ( A(x(n)) \ x E JV V n A/"*, n e N ) is a core for V 2 . 
This implies that A(A" V n A"*) is a core for V*. ■ 

We want to construct a left Hilbert algebra in the usual way. First, we will need a lemma which guarantees 
that our next definitions are well defined. 

Lemma 6.15 1. Consider 01,03, 61, &a € A^nA/J such that A(ai) = A(a2) and A(&i) = A(&2)- Tften 
A(oi6i) = A(a 2 6 2 ). 

Consider 01,02 € A/^ flA/J swc/i ttai A(ai) = A(fl2). Toen A(a*) = A(a|). 
Proof : 

1. For any c € Cp, we have that 

7r(ai)A(c) = j7r(cr^(c))*JA(ai) = 3n{o h (c))* JA(a 2 ) = 7r(a 2 )A(c) . 

The density of A(C V ) in _ff implies that 7r(ai) = 7r(a 2 ). 
Therefore, 

A(oi6i) = 7r(ai)A(&i) = 7r(a 2 )A(6 2 ) = A(a 2 6 2 ) . 

2. This follows easily from the previous proposition. 



Definition 6.16 We define hi = A(A r v (~1 A/"*), i/ien W zs subspace of H . We make hi into a * -algebra 
such that : 

1. We have for every a,b £ Af v D Af* that A(ab) = A(a)A(6). 

2. We have for every a G A/^ fl A"* i/iai A(a)* = A(a*). 
Then hi becomes a left Hilbert algebra on H . 

It is not difficult to check that hi satisfies the conditions of a left Hilbert algebra. The closability of the 



mapping hi — ► hi : v i— » v* is a direct consequence of proposition 6.14. 
It is immediately clear that £a(o) = w ( a ) f° r every a € A/j^ fl A/"*. 

Let us define T as the closure of the mapping hi — > W : w 1— * v* . Proposition 6.14 implies that T = JV^. 
So we see that J is the modular conjugation of hi and V is the modular operator of hi. 
We also see that J and V are independent of our choice of a. Therefore, we will call V the modular 
operator of tp and J the modular conjugation of ip in the GNS-construction (H, A, 7r). 

Lemma 6.17 Consider a € A/" v . TTien A(a) is fe/t bounded with respect to IA and £a(o) = tt(o). 
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Proof : Because Af v C\Af* is a core for A, there exists a sequence {a n )'^ =l in Af v (lAf* such that {a n )'^L l 
converges to a and (A(a n )) 1 converges to A(a). 

We know already that La(o„) = 7r ( fl n) for n S N. This implies that (iA(o„))°^_i converges to 7r(a). 
Consequently, we find that A(a) is left bounded with respect to U and L^fa) = 7r(o). ■ 



Lemma 6.18 Consider smc/i f/ia£ v is left bounded with respect to U and such that there exists an 

element a € A such that L v — n(a). Then a belongs to J\f v and A(a) = v. 

Proof : Choose a truncating net (ui)i^i for <p. For every i £ I, we define the operator Si £ B(H) such 
that SiA(x) — A(xui) for every x 6 A. 

By Q, there exist a sequence (anj^j in nTV* such that (A(a n ))^° =1 converges to A(a), (-^A(a„))^ =1 
converges strongly to L v and (LA(a„)) is bounded. 

Choose j £ /. We have immediately that (La( Sii ) A(uj)) nl converges to L v A(uj). We have for every 
neK that 

L A(a n )H u j) = 7r(a„)A(u i ) = A(a„u i ) = SjA(a„) . 

This implies that (LA(a„)A(wj))^ 1 converges to SjU. 
Combining these two results, we get that L v A{uj) — SjV, hence 

A(auj) = Tr(a)A(uj) = L v A(uj) = SjV . 

Therefore, (A(aui)) i6/ converges to v. We also have that (au^i^i converges to a. The closedness of A 
implies that a belongs to M v and A(a) = v. ■ 



Lemma 6.19 Consider v € IA" such that there exist an element a £ A such that L v = n(a). Then a 
belongs to J\f v D J\f* and v = A(a). 

Proof : We know that v is left bounded. Therefore, the previous lemma implies that a belongs to 
J\f v and v — A(a). We have also that v* is left bounded and L v * = {L v )* = n(a)* = n(a*). Hence, the 
previous lemma implies that a* belongs to AT V . So we get that a belongs to J\f v n J\f* . ■ 

Using this result, we have the following theorem. This is a well known result for weights satisfying the 
other KMS-condition (proved by Combes, see lemma 2.2.3 of ||). 

Theorem 6.20 Call (p the normal semi-finite faithful weight on ir(A)" associated to U. Then ipn = ip. 

Remark 6.21 Consider the case where we get a KMS- weight from a left Hilbert algebra (the third part 
of section ||, page : 

Consider a Hilbert space H and a left Hilbert W algebra on H with modular operator A, modular 
conjugation / and associated faithful semi-finite normal weight ip. 

Let A be a C*-algebra and it be a nondegenerate *-representation of A on H such that ir(A) C C(W) and 
suppose there exists a one-parameter group a on A such that 7r(cr t (a)) = A lt 7r(a)A~ l * for every (ell 
and a £ A. 

Put ip — ip 7r, so p is a lower semi-continuous weight on A. 

Define the following mapping A from J\f v into H : For every a £ Af v , there exists a unique element 
v £ H such that v is left bounded with respect to W and L v = ir(a) and we define A(a) = v, so we get 
that La(q) = 7r(a). We suppose that Af v is dense in A and that A(Af v ) is dense in H . 
We saw that (f is a KMS- weight on A with modular group a and GNS-construction (H, A,ir). Now we can 
apply the construction procedures of this section to get the left Hilbert algebra U, the weight tp associated 
to IA, the modular operator V and modular conjugation J of ip in the GNS-construction (H,A,tt). 



Proposition 5.16 implies that U" — W". Therefore we get that tp = ip, V = A and J = /. 
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For KMS-weights, the faithfulness of ip and ir are equivalent : 
Proposition 6.22 We have that ip is faithful if and only if n is faithful. 



Proof : 

=> This follows easily because p is densely defined. 

<= Choose x £ A such that p(x*x) = 0. Then x belongs to Af v and A(x) = 0. 
Take m e IN and define 

x(m) — -^L / exp(— m 2 t 2 ) a t (x) dt . 
V n J 

We have that x(m) belongs to Af v n D(a±) and 

A(x(m)) = -5= / cxp(-m 2 t 2 ) V lt A(x) dt = . 
V n J 

So we have for every a e Af v that 

Jir(a±(x(m)))* JA(o) = 7r(a)A(a;(m)) = , 

which implies that 7r(o^ (a:(m))) = 0. The faithfulness of 7r implies that cr* (x(m)) = 0, the injectivity of 
a± implies that x(m) = 0. 

The definition of the elements x(n) (n e IN) implies that (x(n))^ 1 — ► x. Therefore we have that x = 0. 



We have of course also the following result. 

Lemma 6.23 Consider a * -automorphism a on A such that there exists a strictly positive number A such 
that <pa = X p. Define u as the unitary operator on H such that uA(a) = \~? A(a(a)) for every a e N v . 
Then uV = Vu and uJ = Ju. We have moreover that n(a(a)) — uir(a)u* for every a G A. 

Proof : Because a is a *-homomorphism, it is easy to check for every a e J\f v C\N* that uA(a) belongs 
to D(T) and TuA(a) = uTA(a). Because A(7V V n TV*) is a core fore T and mA(7V v n TV*) = A(7V ¥ , n TV*) 
we get that uT = Tu. So we get also that Tu* = u*T. The unitarity of u implies that 

uT* = (Tu*)* = (u*T)* = T*u . 

Using the fact that V = T*T, this implies that mV = Vu. 
So we get also that uV^ = V^u. This in turn implies that 

uJV? = uT = Tu = JV^u = JuV? . 

Because Vi has dense range, this implies immediately that uJ — Ju. ■ 



Corollary 6.24 Suppose that ip is faithful. Consider a * -automorphism a on A such that there exists a 
strictly positive number A such that pa = Xip. Then aa t = o t a for every t GH. 
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Proof : Choose t e R. 

Define u as the unitary operator on H such that uA(a) — A~2 A(a(a)) for every a e Af v . Then the 
previous lemma implies that 11V — Vm. 

This implies immediately that «V ri = V lt u. So we get for every a e Af v that 

A(a(a t (a))) = \? uA(a t (a)) = A* uV u A(a) = A^ V Jt wA(a) = V lt A(a(a)) = A(<r t (a(o))) . 
so the faithfulness of ip implies that a(<7t(a)) = Ot(a(a)). ■ 



From the theory of left Hilbert algebras (see e.g. |18|), we get the following result : 

Proposition 6.25 The weight tp satisfies the KMS-condition with respect to a : For every x, y e Af v (lAf* 
there exists a bounded continuous function f from the strip S(i) into C which is analytic on S(i)° and 
satisfies : 

• f(t) = tp(cr t (x) y) for all teH 

• f(t + i) = <p(xa t (y))for allien. 



The next two results follow immediately from proposition 3.1C and its corollary. 



Proposition 6.26 Consider a e M(A) such that there exists a strictly positive number A such that 



at(a) — X lt a for every t € A. 
\-i Jir{a)*JA(x). 



Let x be an element in J\f v . Then xa belongs to Af v and A(xa) — 



Proposition 6.27 Consider a e M(A) such that there exists a strictly positive number A such that 
(Tt(a) = \ lt a for every ( £ E. Let x be an element in M. v . Then ax and xa belong to M v and 
ip(ax) = A <p{xa). 

If ip is faithful, it is possible to prove a converse of this corollary. 

The proof of the next lemma can be copied immediately from the proof of lemma 3.4 of jl3]. 

Lemma 6.28 Consider a e M(A) such that aAi v C M. v and M. v a C ftA v . Then at(a)A4tp C M. v and 
M v at{a) C M v for every ten. Let x,y be elements in C v , then there exists an entire function from 
C into C such that 

1. We have that f(t) = ip(o~ t (a) y*x) for every ten. 

2. We have that f(t + i) = p(y*x o~t(a)) for every ten. 

3. f is bounded on each horizontal strip. 

The proof of the following proposition is a slight adaptation of the proof of theorem 3.6 of [ p^[ . 

Result 6.29 Suppose that ip is faithful. Consider a e M(A) such that aA4 v C A4 V , A4 v a C M. v and 
such that there exist a strictly positive number A satisfying ip(ax) — \p(xa) for every x e M. v . Then 
o~t(a) = X lt a for every ten. 

Proof : Choose x,y e C v . 

By the previous lemma, there exists an entire function / from C into C such that 
1. We have that fit) = v?(cr t (a) y*x) for every (eR. 
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2. We have that f(t + i) = ip{y*x a t {a)) for every feR. 

3. / is bounded on each horizontal strip. 

First, we prove that f(z + i) = A -1 f(z) for every z £<C. 

We have for every t £ R that 

f(t + A -1 f(t) = cp(y* x a t (a)) - A -1 (p{a t (a) y*x) 
= ip(y*x a t (a)) - A -1 ip(a a- t {y*x)) 
= <p(y*xa t (a)) - A -1 A ip(<T_ t (y*x) a) 
= ip(y* x a t (a)) - ip(y*xa t (a)) = 0. 

By analyticity of the function 

C -»C : z i-> /(« + »)- A -1 /(*) , 

we must have that f(z + i) — A -1 f(z) = for every z£C. 

Now we define the entire function g from C into C such that g(z) — \~ lz f(z) for every z £ C. Then we 
have for every zgC that 

g {z +i) = A-<(*+*) /(z + i) = A— A A" 1 f(z) = A— f(z) = ff (z) . (*) 

We know that / is bounded on S(i). We have also that 

W)\ = \\~ iz \ \f{z)\ = \f(z)\ < max{l, A} \f(z)\ , 

for every z £ S(i), so g is also bounded on S(i). 

By (*), we have that g is bounded on C. The theorem of Liouville implies that g is a constant function. 
This implies that 

cp(ay*x) = /(0) = ,g(0) - g(t) = A" i4 /(t) = A"« *) 

for every i € ]R. 

Choose seE. Because (a — A~ 4S <7 s (a)).M y C M v , we have also that N v (a* — A iS cr s (a*)) C Af v . 
Hence, we have for every x, y G C v that 

(A(s), A(y(o* - A is a s (a*)))) = <p((a - A" is a s {a))y*x) = • 

Because A(C V ) is dense in 7?, we see that A(y(a* — X ts a s (a*))) = for every y S C v . The faithfulness 
of 93 implies that y(a* — A JS <r s (a*)) = for every y £ C v . Therefore, the density of C v in A implies that 
a* - X ls a s (a*) = 0. ■ 

The following proposition is an immediate consequence of proposition |6.2()| . 

Proposition 6.30 Consider a strictly positive element 8rj A such that there exist a strictly positive num- 
ber A such that a t {8) = A 8 for every t £ ]R. Then we have the following properties : 

• For every x £ J\f v and every teR, we have that x8 lt belongs to J\f v and A(xS lt ) = 
\~i Jir(S)- u JA(x). 

• For every x £ A4 V and every t £ R, we have that x8 lt and 8 lt x belong to M v and ip(S lt x) = 
X*<p(xS a ). 
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Using this proposition, we get the following one. 



Proposition 6.31 Consider a strictly positive element 8rj A such that there exist a strictly positive num- 
ber A such that o~t(5) = X 5 for every t£R. Let z be a complex number and a E Af v such that a is a left 
multiplier of 5 Z and a5 z belongs to A. Then we have the following properties : 

• a5 z belongs to M v A(a) belongs to D( Jtt{5) z J). 

• IfaS z belongs to Af v , then A(a<5 2 ) = \ f Jii{5)' z Jh{a). 



Proof : We define the strongly continuous one-parameter representation a on A such that at (x) = x6 lt 
for every x £ A and feR. 

Furthermore, we define the strongly continuous unitary group representation u from 1R on H such that 
Ut = (Jn(8)J) lt for every (Gfi. We know by the previous proposition that 

1. We have that a t (N v ) C M v for every t E R 

2. We have that u t A(a) = X% A(a t {a)) for every i£R and a 6 Af v . 

Because a belongs to D(a-i Z ) and a-i Z (a) = a5 z and u-i Z = (Jtt(S)J) z , this proposition follows from 
propositions 4.4 and 



4.5 



Proposition 6.32 Consider a strictly positive element S affiliated with A such that there exists a strictly 
positive number X such that o~t(5) = X 6 for every (gR. Let a be an element in A and z €<C such that 
a is a left and right muliplier of S z and a5 z , S z a belong to M. v . Then tp(a5 z ^ = X lz (p(8 z a). 

Proof : Define the norm continuous one-parameter group a on A such that at(a) = 5 lt a8~ lt for every 
a E A and t E R. Proposition |6.30 implies that (pat = A* (p for every t E 1R. 



Because a is a left multiplier of S z , we have that aS z is al left multiplier of S~ z and (aS z ) 5~ z = a. 
This implies that (a5 z )5~ z is a right multiplier of S z and S z [(a 8 Z ) 5~ z ] = 5 z a. From this, we get that 
a 5 Z is a middle multiplier of S z , S~ z and 

S z (a5 z )6- z =S z a 

From this all, we get that aS z belongs to D(a-i Z ) and a^i Z (ad z ) = 6 z a. The proposition follows from 



proposition 2.14 



We now prove that a KMS-weight has no proper extensions which are invariant under its modular group. 

Proposition 6.33 Consider a lower semi- continuous weight n on A which is an extension of if and such 
that rj is invariant under a. Then (p = rj. 

Proof : Take a GNS-construction (i? n ,A^,7T^) for rj. 

Because rj is invariant under cr, we get the existence a positive injective operator T in H v such that 
T u A v (a) = A v (a t (a)) for every a E Af v and t EH. 

Choose y E N v - 

Define for every neK the element 



y n = -^= J cxp(-n 2 t 2 ) a t (y) dt 
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which is clearly analytic with respect to a. We have also that (j/ n )^Lj converges to y. 
By ??, we have for every n€K that y n belongs to Af v and 

A n (y n ) = ^=J exp(-n 2 t 2 )T u A(y)dt . 

This implies immediately that (A ri (y n ))^ D =1 converges to A v (y). 

We can also take an approximate unit (ej)j £ / for A in Af v . Then (ei y n )(i,n)eix~N converges to y. 

We have also for every i S / and n £ IN that y„ belongs to N v and A I( (ejy„) = 7r I) (e i )A 7) (y„). 

Consequently, the net (A,,(ei J/n))(i,n)e/xN converges to A v (y). 

We have for every i 6 / and neW that ei belongs to N v and y„ belongs to D(a^) implying that a y n 
belongs to J\f v by proposition 6.4. 

Because tp C 77, we have moreover for every i,j £ I and m,ngN that 

IIA^Cei^n) - A y (ej j/ m )|| = ||A,,(ej y„) - A v (ej y m )\\ . 

This last equality implies that the net (A^e, yn))(i,n)eixK is Cauchy and hence convergent in iJ^,. 
Therefore, the closedness of A v implies that y is an element of N v . The proposition follows. ■ 



The following proposition will guarantee that the modular group is unique for faithful KMS-weights. 

Proposition 6.34 Consider a C* -algebra A and a KMS-weight tp on A with GNS- construction {H, A, tt). 
Let a and r be modular groups for p. Then ir a t — TTT t for every t 6 R. 

Proof : Define the injective positive operators V and A in H such that V lt A(a) = A(<r t (a)) and 
A l *A(a) = A(r t (a)) for every a € A/^ and i e R. Define also the anti-unitary operators J, / on H such 
that 

• JA(a) = A(cn (a)*) for every a e M v n D(a^) such that a±(a)* belongs to A/" p 

• JA(a) = A(ri(a)*) for every a € A/" v n D(t±) such that ri(a)* belongs to N v 



Proposition 6.14 implies that JV 2 = /A 2 . The uniqueness of the polar decomposition implies that 



V = A. This implies for every teR that 

ir{cr t (a)) = V tt 7r(a)V _<t = A J *7r(a)A- 4 * = 7r(r t (a)) 

for every teR and a 6 A. 



Corollary 6.35 Consider a C* -algebra A and a faithful KMS-weight p on A. Then p as a unique 
modular group. 

In the last theorem of this section, we prove that our definition of KMS-weight is equivalent with the 
usual one (introduced in Q). 

Theorem 6.36 Consider a C* -algebra A, a densely defined lower semi- continuous weight <p on A and a 
one-parameter group a on A. Then (p is a KMS-weight with respect to a if and only if 
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1. We have for every (6R that ipa t = ip. 

2. For every x,y € Af v C\Af*, there exists a bounded continuous function f from S(i) into C which is 
analytic on S(i)° and such that : 



We have for every t € R that f(t) = ip(a t (x)y). 
We have for every t £ R that f{t + i) = ip(yat(x)). 



Proof 



This follows from proposition 6.25 



<= Take a GNS-construction (H, A, w) for <p. Define the injective positive operator V in H such that 
V i *A(a) = A(cr t (a)) for every t e R. 

Define the set 

C = { a e M v n Af* | a is analytic with respect to a and a z (a) belongs to J\f v n Af* for every z e C } . 
So C is a sub*-algebra of A such that cr z (C) C C for every z 6 C. 

Choose x,y E C . Because a;, y belong to Af v PI A/"*, we have by assumption the existence of a bounded 
continuous function / on S(i) which is analytic on S(i)° and satisfies : 

• We have for every t 6 R that f(t) — ip(a t (x)y). 

• We have for every t 6 R that /(t + i) = (p(yat(x)). 



We know that belongs to A/"«, and that a^i(x*) belongs to Af v . By proposition 4.4, we get that 
A(x*) belongs to D(V) and VA(s') = A(cr_i(x*)). Define the function g from into C such that 
g(z) = (A(y), V iz A(x*)) for every z € S(i). Then 3 is continuous on S(i) and analytic on S(i)°. We have 
for every t € R that 

= (A(y), V 4 *A(a;*)) = (A(y), A(a t (x*))) = ^{a t {x)y) = fit) . 
Therefore we must have that f — g which implies that 

<p(*x) = f(i) = g{i) = (A(y), VA(x*)) - (A(y),A(a^(x*))) = <p(<n(x)y) . (*) 



We know already that C C M v n D(a±) and that a±(C)* C A/" p . Just like in lemma 5.13| , we get that C 



is a core for A. Choose a e C. If we replace in equation (*) the element x by cr_i (a) and y by er^(a)*, 
we get that 

ip(ai(a)* cr_|(a)) = 95(^(0) cr|(a)*) . 

We have that cr_|(a*a) = cr* (a)*cr_± (a) which belongs to A4 V . On the other hand, we know also that 
a*a belongs to M.^. Hence, proposition [2.14 implies that 



ip(ai (a)V_ 4 (a)) = <^(cr, (a* a)) = 9?(a*a) 



Combining these two equalities, we get that ip(a*a) — tp(a^(a)a^(a)*). Therefore, proposition 6.1 implies 
that ip is KMS with respect to a. 



In order to prove the implication from the right to the left, we do not really need the lower semi-continuity 
of <p. The closedness of the map A : J\f v — > H is also sufficient. 
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7 The tensor product of KMS-weights 

Consider two C*-algebras A and B. Let ip be a KMS-weight on A with modular group a and ip a 
KMS-weight on B with modular group r. 

Take also a GNS-construction A, 7r) for ip and a GNS-construction (K, T, 9) for V 1 - 

• With respect to the GNS-construction (H, A, 7r), we denote the modular conjugation of (p by J and 
the modular operator of ip by V. 

• With respect to the GNS-construction (K,T,8), we denote the modular conjugation of ip by I and 
the modular operator ip by A. 

We will define the weight ip ® ip and show that it is a KMS-weight with respect to the obvious one- 
parameter group. The construction of the weight itself is due to Jan Verding and can be found in P2|| . 
He did it in fact in a more general case. Again, due to the lack of availability of this work, we will include 
the proofs. We only added the KMS-characteristics. 

Definition 7.1 We define the norm continuous one-parameter group cr0r on A®B such that {o~®T) t — 
o~t Tf for every feR. 

Consider z 6 C. Then it is easy to see that a z r 2 C (a t) z . We will prove in || (and this is not too 
difficult, using smearing techniques) that D(a z ) D(t z ) is a core for (a t) z . But we will not need this 
fact in this paper. 



Lemma 7.2 The mapping A © T : Af v N$ i— > H K is closable. 



Proof : Define for every uo £ !F V the operator E B(H) such that {S w A(a), A(&)) = w(6*a) for 
every a, 6 £ A/" v . In a similar way, we define for every ?y £ the operator T n € B(K) such that 
(T v T(a),T(b)) =ri(b*a) for every a, b eJV f 

Take a sequence (xn).^! in A/^QA/^ and w € H^K such that (i n )55° =1 converges to and ((A©r)(x n ))^ =1 
converges to u. 

Fix u> € and r\ G for the moment. 

Choose a € A/L and b S A/j/, . It is not difficult to see that 

({S u ®T n )(A®T)(x„),A(a)®r(b)) = (w0r7)((a0 6)*a; n ) 

for every n S IN. This implies that the sequence 

( ((& r„) (A © r)(x„), A(a) r(6)) )~ x 

converges to 0. It is also clear that the sequence 

( (os w r„) (A © r)(x„), A(a) r(6)) )~ x 

converges to ((5 W T n ) u, A(a) So we see that ((5a, T v ) v, A (a) T(6)) = 0. 

Hence we get that (S^ T^) v — 0. 



Therefore, the remarks after result 2.2 implies that v = 0. 



So we can give the following definition. 
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Definition 7.3 We define the closed linear map A0T from within A®B into H®K such thatM^QiM^, 
is a core for A T and (A T)(a b) = A(a) /or every a S A/^ and 6 e A/^. 

Remark 7.4 • We have for every x £ A Q B and y € A/"^ A/w, that a; y belongs to A/^ A/^ and 
(A®T)(a;y) = (7T0 0)(a;) (A0T)(j/). This implies easily that D(A®T) is a left ideal ini®B and 
that (A T)(xy) = (ir 6>)(a;) (A T)(y) for every a; € A B and y e D(A T). 

• Choose (eR. Then it is easy to check for every x S Af v © A/",/, that (cr0 r) t (a;) belongs to N^QN^ 
and (A®r)((o-0r) t (a;)) = (V 1 * A l *)(A T){x). 

This will imply for every a; <E L>(A0r) that (o-0r) t (a;) belongs to D(A0r) and (A®r) ((cr0r) t (a;)) = 
(V" A l! )(A®r)(x). 

In the beginning of section |[ we introduced the sub-*-algebras C v of A/" v n Af* and of Af^ n A/3). 
We have also that C v C D{a z ) and cr z (C v ) C C p and that C £>(t z ) and t z {C^) C C,/, for every z e C. 
We know also that C^, is a core for A and that is a core for T. 

Define the *-algebra C — C,„ CV Then C is a core for A T. 



By the remarks after definition 7.1, we see that easily that C consists of analytic elements with respect 



to (cr t) z and that (a r) z (C) C C for every zgC. 

So we get in particular that C C D((cr 0r)i) and that (<r®r)i (C)* C C C D(A T). 

Using the remarks after definition [7.1| and the fact that ip{b*a) — p(cr± (a) aj_ (6)*) for every a, 6 S 
A/^ n D(a^) and ip(b*a) — ip{ri (a) ti (6)*) for every a, 6 <E N^p n -D(r^), it is not difficult to check that 

||(A0r)(a;)|| 2 = ||(A0r)((a0r),(a ; )*)|| 2 

for every ieC. 

So we see that the ingredients ^4 B, H K, A T, tt 9, a 8, V0A satisfy the conditions of the 
first construction procedure of section 0. Therefore we can use definition 5.11 . 



Definition 7.5 We define the weight p(g)ip on A®B such that (H®K, A0T, 7r0#) is a GNS-construction 
for p ip . 

So we have in particular that N v ®^ = D(A T), so N v A/^ C Af v ^. 



Proposition 5J: implies the following one : 



Proposition 7.6 The weight p ip is a KMS-weight with modular group a r. 
Concerning the modular conjugation we have the following obvious result : 

Proposition 7.7 With respect to the GNS-construction, the modular conjugation of p ip is given by 
J I , the modular operator of p ip is given by V A. 



Call J' the modular conjugation of p ip. Using definition 6.3 and the remarks after definition 7.1 
it is easy to check that J'(A(a) T(b)) — JA(a) IT(b) for every a € C v and b € C^. This implies 
immediately that J' = J /. The result about the modular operator follow from the remarks after 



definition 7.3 



Definition 7.3 also implies easily the following result : 
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Result 7.8 Consider a G M v andb £ M.^,. Then a®b belongs to M. v ^ and {(p®i^){fl®b) = y(a) ?/>(&). 



There is also another characterization of tp ® ip. 

Result 7.9 We have the following properties : 

1. We have for every uj £ J^ v and r\ £ T^, that uj ® rj belongs to T^^. 

2. We have for every uj £ Q v and rj £ Qj, that uj ® rj belongs to G v ®^ ■ 

Proof : Consider uj € T v and rj £ T^. 

Define the operator S u £ B(H) such that (S u A(a), A(fe)) = ui(b*a) for every a,fce A/"^. 
Define also the operator T v £ B(K) such that (T v T(a),T(b)) — i](b*a) for every a, b € A/",/,. 
Then it easy to see that 

((&, ® r,)(A O r)(s), (A r)(y)) = (w <8 »?)(tf*s) 
for every x,y £ Af v OA^. As usual, this implies that 

((5„®T,)(A®r)(a;),(A®r)(i/)) = (w®»;)(y*a:) 

for every z, y € jV v ^. 

Because < < 1 and < T v < 1, this implies immediately that uj ® rj belongs to J- v ^. 

The second result follows from the first one. ■ 



Proposition 7.10 Consider x £ (A® B) + . Then 

(<p®ip)(x) = sup{ {w®rj)(x) | uj £ T v ,rj £ } . 

Proof : By the previous proposition and the lower semi-continuity of if (£> tp, we get immediately the 
inequality 

{<p® ip)(x) > sup{ {uj® Tj)(x) I uj £ T v ,rj £ } . 

By proposition 3.5, we have truncating sequences (uk)keK for ip and {v{)i^l for "0. 

We define for every k £ K the operator Su £ B{H) such that StA(a) = A(auk) for every a £ j\T v . 

In a similar way, we define for every I £ L the operator T; £ B(K) such that Tir(b) = T(bui) for every 

6 € A/V 

Then we get immediately that 

• We have that u k ® belongs to for every k £ K,l £ L. 

• ||5fc ® Till < 1 for every k £ K and Z e L. 

• The net (ttj, ® vi)(k,i)eKxL converges strictly to 1. 

• The net (S k ® T l ) (k ^ eKxL converges strongly to 1. 
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Choose k € K,l £ L. 

Then it is easy to see that (S k <8 Ij) (A ® T)(y) = (A <g> T)(y (u k ® uj)) for every y € M v M/,. 
As usual, this implies that Tj) (A r)(y) = (A r)(y u/)) for every y € 



So we see that the net (uk vi)(k,i)eK®L satisfies the conditions of proposition 3.S 



For every fc 6 K, we define cjfe € T v such that Wft(a) = (p{u* k auk) for every a € A. 
For every ! £ L, we define 77; e J 7 ,/, such that rji(b) = (p(v*bvi) for every 6e B. 
It is clear that (u>k ?7z)(y) = "n){( u k y (u^ «;)) for every y £ A® B. 



Therefore, proposition 3.8 implies that 



(<p V)^) = su p{ ® ^zX^) I e if , / e I } < sup{ (uo ®rj)[x) \ w e .F^, ?y e ^ } 



Corollary 7.11 FFe /lave i/ie following properties : 

1. We have {or every x € (A t/ia£ £/ie net ( (w ??)(^) ) ^ xg converges to (ip VOl 2 -) • 

2. FFe /iawe /or every x £ Ai v <&ip that the net ( (u> ^(as) converges to (ip ip)(x) ■ 

8 Absolutely continuous KMS-weights 

Consider a C*-algebra ^4 and a KMS-weight 95 on A with modular group o\ 

Let 5 be a strictly positive element affiliated with A such that there exists a strictly positive number A 
such that at(S) = A* 6 for every feR. 

In this section we are going to use one of the construction procedures to define the KMS-weight (p(S^ . S?) 
and prove some useful properties about this weight. 

It is not possible to use the definition of Jl^l , because it is assumed in this paper that (Jt(S) = 5 for every 
t £ R. Our construction procedures from section |B| allows us to go about it in another way. 

First, we introduce some notations. Take a GNS-construction (H,A,ir) for tp. We denote the modular 
conjugation of ip in this GNS-construction by J and the modular operator by V. 

We will extensively have to truncate S in order to make things bounded. We will also need this truncations 
to behave well with respect to a. For this, we will use the following elements in M(A). 

Notation 8.1 Consider n £ IN. Then we define e„ G M(A) such that 

e n a= —= / exp(—n 2 t 2 )5 lt adt 
V 71 " J 

for every a £ A. 

The behaviour of these elements is described in the next proposition. 
Proposition 8.2 We have the following properties. 

1. The sequence (e n )™ =1 is bounded by 1 and converges strictly to 1. 

2. We have for every n £ IN that e n is strictly analytic with respect tho a. 

3. Let y £<C. Then the sequence {o~ y {e n ))^ =l is bounded and converges strictly to 1. 
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4- Consider n G IN and z eC. T/ien e„ is a Ze/f anrf rig/iZ multiplier of 5 Z and 8 z e n — e n 8 z . 

5. Let n E IN and y, z SC. TTien ^e n is a Ze/i and rig/iZ multiplier of 8 y and (S z e n ) S v = 5 y (<5 z e n ) = 

6. Consider n G IN and y, z G C. TTien <7 y (e n ) is a left and right multiplier of S z and a y (e n )S z = 
5 Z cr y {e n ). 

7. Consider n € IN and z G C TTien (Pe n is strictly analytic with respect to a and o~ y (S z e n ) — 
X yz S z c y (e n ) for every y G C. 

The results of this proposition will be frequently used in the rest of this section without reference to this 
proposition. The proof of it is a standard exercise in the use of analytic continuations and will be left 
out. 

We define the set 

A r o = {a£ J 4|aisa left multiplier of 5% and a belongs to Af v } ■ 

Introducing this set is of course a very natural thing to do in this case. 
It is clear that this set is a left ideal in M(A). 

Lemma 8.3 The mapping No — > H : a i— > A(aS^) is closable 

Proof : Choose a sequence (xfc)fci in No and v E H such that {xk)^ =1 converges to and (A(xk 5^))^ 
converges to v. Choose n G JM. 

Take I G K. 

Because e„ is a left multiplier of 8? , we have that left multiplier of 6 2 and 

(xi e n )5z = xi (e n 6*) = x t (S^e n ) . (a) 
We know that x\ is a left multiplier of S^, so this last equality implies also that [xi e n )5% = (xj Si) e n . 



Because X182 belongs to J\f v and e n belongs to D(a±), this equality and proposition 5A imply that 
(xi e n )Si belongs to Af^ and 

A((a:, e n ) Si) = J 7 r( ( 7 | (e n ))VA(x i = Jw(a j(e„))* JT( Xl ) . (b) 

Equality (a) implies that ((2^ e„) <5 3 )!*\ converges to 0, whereas equality (b) implies that 

(A((x k e n )6i))^ =1 converges to Ji:{a ^{e n ))* Jv. 

Therefore, the closedness of A implies that Jn(cr ±(e„))* Jv = 

Because (7r(a» (e n )))^_ 1 converges strongly* to 1, this last equation implies that v — 0. ■ 
Therefore, we can give the following definition. 

Definition 8.4 We define T as the closure of the linear mapping No — * H : a i— > A(aS^). The domain 
of r wiZZ &e denoted by N. 

So r is a closed linear mapping from N into H such that ZVo is a core for T and T(a) = A(o5') for every 
a E Nq. It is also easy to check that A is a left ideal in M(A) and that T(xa) = 7r(a;)r(a) for every 
x£M {A) and a E N. 
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Lemma 8.5 Consider a G J\f v . n G N and z G C. TTien a(<5 z e„) belongs to No and T(a (S z e n )) — 
j7r((T^((5 2+ ^e„))*JA(a). 

Proof : We know that 5 z e n is a left multiplier of 5' and (S z e n ) # 5 = <F +5 e n . 

This implies that a (<5 z e„) is a left multiplier of 5 * and (a (<Pe n )) #2 = a(<5 z+ 2e„). Because a belongs 
to jV y and 5 z+ ^e„ belongs to D(a±), proposition |6.10| implies that (a (6 z e n )) 8^ belongs to Af v and 
A( (a(S z e n ))52) = Jtt{cj ±{8 z+ 2 e n ))* JA{a) . This gives by definition that a (8 z e n ) belongs to No and 
T(a{8 z e n )) = Jn(cj±(S z +h n ))*JA(a). ■ 

Result 8.6 The set N is dense in A and the set T(N) is dense in H . 

Proof : Choose a G Af v . The previous lemma implies for every n G N that a e n belongs to Nq. Because 
(en)nLi converges strictly to 1, we see that (ae n )£Li converges to a. Hence, the density of J\f v in A 
implies that Nq is dense in A. 

Choose a G AC,- The previous lemma implies for every n G N that a(5~^e n ) belongs to Nq and 
r(a (S~i e„)) = J%(ai (e n ))* JA(a). Because (i'(o'i(e n )))^_ 1 converges strongly* to 1. This implies that 

(r(a (<5 - 2 e n )))°^_ converges to A(a). Hence, the density of A(JV V ) in implies that T(No) is dense in 
H. M 

So we have objects A,H,N,A,ir on which we want to apply the second procedure of section ^[ In order 
to do so, we have to introduce the KMS-characteristics. 

Definition 8.7 We define the norm continuous one-parameter group a' on A such that 
crj(a) = 8' lt at{a)8~' tt for every t € A and a G A. 

It is not difficult to see that a' t (8) = A* 8 for every t G R. 
Result |6. 13 implies the following lemma. 



Lemma 8.8 We have for every s,t G R that Jn(8y t J and Tr(8) ls commute. 

The following result is true because 7r(cr s (a)) = V IS 7r(a)V~* s for every a G A, s G R and the fact that 
a s (8' lt ) = A lst 8 lt for s,ieR (which is true by assumption). 

Lemma 8.9 Consider s,teR. Then V is tt(<S) 1 * = A lst 7r(<5) a V is 

This will imply the following lemma. 

Lemma 8.10 We have for every s,t G R £/ia£ Jir(8) lt J Tt{8) lt and V IS commute. 
Proof : We have that 



JiriSy 1 JiriSy 1 V ls = \- lst JiriSy 1 J V ls 7r(<5) 1 * = A~ lst Jt:{8) h V ls Jtt^) 1 * 
In (*), we used that J is antilinear. 



= \~ iSt X lst JV ls 7r(S) u Jn(5) u = V ls Jv{8) lt J v{8) lt 



Lemmas 8.8 and 3.10 imply that the mapping R — > B(H) : 1 i— > Jir(8y t J 7r(<5) lt V z * is a strongly contin- 



uous unitary group representation on H . By the Stone theorem, this justifies the following definition. 
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Definition 8.11 We define the positive injective operator V (pronounced 'nabla prime') in H such that 
W lt = Jtt(5) u J -k{S) u V 1 * for every t e R. 

Proposition 8.12 Consider a £ and telR. Then a' t (a) belongs to JV V and A(a' t (a)) — \i W %t A(a). 

Proof : We know by definition that <7t(a) belongs to Af v and A(cr t (a)) = V lt A(a). This implies that 
S lt a t {a) belongs to Af v and that A(d lt a t (a)) = n(S) u A(a t (a)) = 7r(5) lt V lt A(a). 
Therefore, proposition |6.30 implies that 8 lt at{a)8~ lt belongs to J\f v and 



A(S u a t {a)S- u ) = \i Jir{S) lt JA{5 u a t {a)) = \i Jn(S) lt J ir{8) lt V lt A(a) 
Looking at the definitions of a' t and W , the lemma follows. 



Proposition 8.13 Consider a £ N and t £ R. Then at (a) belongs to N and T(a t (a)) — A 2 V I *T(a) 
Proof : Choose b £ N . 

Because 6 is a left multiplier of 8? and at (5) = A* 8, we get that at(b) is a left multiplier of 8? and 

a t (b) 5^ = A~5 a t (bSi) . 
Because bS? belongs to Af v , this implies that at(b) 6? belongs to Af v and 

A(a t (b) Si) = A - * A(a t Q>5*)) = A - * V lt A(bSi) = A"* V lt r(6) . 
So we see that a t (b) belongs to N and 

T(a t (b)) = A(a t (b) $*) = A~* V l *r(6) . 
The result follows easily because N is a core for F. 

Proposition 8.14 Consider a £ N and t £ R. TTien crj(a) belongs to N and T(a' t (a)) = W lt T(a). 
Proof : Choose b £ N . 

Because 6 is a left multiplier of S 3 and <rj(<5) = A* S, we get that a' t (b) is a left multiplier of S* and 

^(6)5'=A-i^(6^) . 
Because bSi belongs to Af v , this implies that a' t {b) Si belongs to Af v and 

A(a' t (b)Si) = A"* A(a' t {b5i)) ( = } A - * A* W u A(bSi) = W lt T{b) , 
where we used proposition 8.12) in equality (*). The results follows easily because Nq is a core for T. 



Proposition 8.15 Consider x £ N and a £ D{a\). Then xa belongs to N and 

2 

r(aso) = J<ir(a' ± (a))*JT(x) . 
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Proof : Define the norm continuous one-parameter group r on A such that r t (a) = 8 lf aS~ lt for every 
a £ A and teR. Then we have that a s r t = T t o~ s for every s, t £ R and crj (a) = r t (<7 t (a)) for every (g]R. 
This implies that a± r± is closable and that the closure is equal to <j\ (see ||). 

Take y £ N a . So y is a left multiplier of 5^ and y8? belongs to Af v . 

Choose b £ D(cn n). 

x 2 2 ' 

Because b belongs to D(r«), the element b is a middle multiplier of , #2 and i t> (5i = T±(b). 

We have by assumption that y is a left multiplier of 53. This implies that y 8^ is a left multiplier of 

<5~2 and (yS^)S^^ =y. 

This in turn implies that ((y 8?) 8~i)b is a left multiplier of 8% and 

J-j)6] J* = {ySi) (S-ibS*) = (y8?) T} _(b) . 

Combining this with the fact that ((y 8?) 8~^)b = yb, we see that yb is a left multiplier of 8^ and 
(yb)Si = (yS^r^b). 

Because y belongs to Af^ and (6) belongs to D(a^), this last equation implies that (yb) 8? belongs 
to Nip and 

A((yb)Si) = Jn(a i (r i (b))yjA(yS^ = Jtt^t* (&)))* JT(y) . 

Therefore, yb belongs to iV and T(yb) = J tt (a ^(t ^(b)))* JT (y) 
So we see that T(yb) = Jir(a' ± (b))* JT(y). (*) 

2 

Because D(a±T±) is a core for <r' ±: there exists a sequence (a n )^L 1 in .D(<7iTi.) such that (o„)^ =1 
converges to a and (o~'i(a n ))^ =1 converges to a' ± (a). 

2 2 

By result (*) we have for every n £ N that ya n belongs to No and 

T(ya n ) = jK(a' i (a n ))*JT(y) 

2 

From this, we conclude that the sequence (F(ya n ))°° converges to J7r(a / . i (a))*JT(y). It is also clear 
that (yan)^! converges to ya so the closedness of T implies that ya belongs to ./V and T(ya) = 
J*ir(a\ (a))*JT(y). 

2 

The proposition follows because Nq is a core for T. ■ 



At last we are in a position to define ip(8z .8^). 

Definition 8.16 We have proven in the previous part of the section that the ingredients A,H ,N ,A,tt ; ct' ,W 
and J satisfy the conditions of the second construction procedure of section^. The weight which is obtained 
from this ingredients is denoted by (p$ (see definition 5.1i ). 

We want to forget about this definition, but will instead repeat the determining properties. Previously, 
we have defined a norm-continuous one-parameter group a' on A such that cr' t (a) = 8 li o~t(a)8~ li for every 
teR and a £ A. Then 

Theorem 8.17 We have that ips is a KMS-weight with modular group a' . 
The weight tp$ is completely determined by the following proposition. 
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Theorem 8.18 We have that (H,T,ir) is a GNS-construction for ps 
Remember that the set 

Nq = {a £ A \ a is & left multiplier of <5 5 and a S 5 belongs to AL } . 
is a core for T and that T(a) = A(aS^) for every a £ iVo- 
Repeating the results of lemmas |8j] and |8.10 gives 



• We have for every s,iefi that Jir(S) lt J and w(Sy s commute. 

• We have for every s,ieR that Jn(5y t J TT{8) lt and V ls commute. 



Also, the injective positive operator V in H was defined in such a way that V lt = J-K{8) tt j7r(5) J *V l * for 
every t £ R. Then : 

Proposition 8.19 We have that V is the modular operator for ipg in the GNS- construction (H,T,tt). 
Later, we will prove that the modular conjugation for ips is a scalar multiple of J. 

The following relative invariance properties are also valid. 

• Consider a £ Af v and t £ R. Then o' t (a) belongs to Af v and A(a' t (a)) = \? W lt A(a). 

• Consider a 6 M Vs and t £ H. Then ut(a) belongs to Af Vs and T(a t (a)) = V lt T(a). 
These imply the following proposition. 

Proposition 8.20 Consider t £ R. Then (pa' t — A* ip and <p$ at — A _t tps- 



Because (H, T,ir) is a GNS-construction for tpg, proposition 5.22 implies the following result. 
Proposition 8.21 The weight (p$ is faithful <^> <p is faithful 



Because o-' t (5) = A* 6 for every t £ R, also the following proposition will be true (see proposition 3.2). 
Proposition 8.22 We have the following properties. 

1. We have for every neK that e n is strictly analytic with respect tho a' . 

2. Let ygC. Then the sequence (cr'(e n ))^_j is bounded and converges strictly to 1. 

3. Consider n £ IN and y,z £ C. Then a' y (e n ) is a left and right multiplier of 8 Z and o~'(e n ) 5 Z = 
5 z o' y (e n ). 

4- Consider n £ IN and z G C Then 8 z e n is strictly analytic with respect to a 1 and o~' y (5 z e n ) = 
\ yz 6 Z a' y (e n ) for every y £ C. 

In the next part of this section, we will prove a formula which formally says that tps(x) = <p(5^ x8^) 
(and something more general). 

Lemma 8.23 We have the following properties : 

• We have for every a £ J\f v , n£N and z £ C that a (S z e n ) belongs to Af v (~1 Af vs . 

5G 



• We have for every x € -Mtp, m,n£K and y, z £C that (5 y e m ) x (5 z e„) belongs to M v D M. vs ■ 



Proof : 



From lemma B.5, we know already that a (5 z e n ) belongs to J\f vi . Because a belongs to Af v and S z e n 
belongs to D(a±), proposition 6.1C implies also that a{8 z e n ) belongs to J\f v . 



This follows immediately from the first property. 



Lemma 8.24 Consider x £ M v . Then (ip(e n x e n ))^°_ 1 converges to <p(x). 

Proof : Choose a,b £ J\f v . We have for every n £ IN that ae n , be n belong to M v and A(ae n ) = 
Jir(a^(e n ))*JA(a), A(be n ) = Jn(ai (e n ))* JA(b) which implies that 

ip(e n b*ae n ) = {J^{a^ (e„))* JA(a), Jir(a% (e„))* JA(b)) . 

Because (Tr(a±(e n ))) °_ 1 converges strongly* to 1, we see that (f(e n b*a e n ))^°_ converges to (A(a),A(6)) 
which is equal to ip{b* a). ■ 



Lemma 8.25 Consider x £ Aftp s , n £ N and z £<D. Then x (S z e n ) belongs to Af v . 

Proof : Because S z e n belongs to D(<r' ±), we have immediately that x (S z e n ) belongs to Af Vs . 
By definition, there exists a sequence in No such that (xk)^ 1 converges to x and 

(r(x fc ))^ 1 converges to T(x). 

Choose / £ N. Because xi is a left multiplier of 6% and S z ~ie n is a right multiplier of 8? , we have that 

(xi 5i){5 z ~ie n ) = xi (<ji (<5 z ^e„)) = x z (<Fe„) . 
Because #3 belongs to Af v and (5 z ~^e„ belongs to D(W±), this implies that xi (8 z e n ) belongs to Af v and 

A( Xl (S z e n )) = J7r(a § (5^ e n ))* J A( Xl §i) = Jtt^, (<5 z ~*e„))* JT(xi) . 

From this last equation, we infer that (A(xk (5 z e n ))) C ^_ 1 converges to Jtt(o-^ (5 z ~ie n ))* JT(x). It is also 
clear that (xk ($ z e n))TL 1 converges to x(S z e n ). Therefore, the closedness of A implies that x(S z e n ) 
belongs to N v . ■ 

Using this lemma, we can even do better. 

Lemma 8.26 Consider x £ N~ Vs , n £ N and z £<D. Then x (S z e n ) belongs to Nq. 

Proof : Because S z e n is a left multiplier of Si , we get that x (S z e n ) is a left multiplier of 5 a and 

(x (S z e n )) S?=x ((5 z e n ) 6*) = x (5 z+ h n ) 
which belongs to M v by the previous lemma. The result follows by the definition of Nq. ■ 

The following results can be proven in a similar way as for elements in M v and J\f v . 
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Lemma 8.27 We have the following properties. 

• We have for every a G Af vs , n G IN and z G C that a (d z e n ) belongs to Af v D Af V5 . 

• PFe /icwe for every x G M Vs , m, n G N and j/,2 gC i/iai (5 v e m ) x (o" z e„) belongs to M. v n .M^j . 

Lemma 8.28 Consider x G -M V(S . TTien (<y9i(e„ a; e„))^°_ 1 converges to ips{x). 
We have also the next result. 

Corollary 8.29 The set Af v fl ATq is a core /or T and a core for A. 

Proof : Choose x G jV" Va . We have by the previous lemmas that x e n belongs to J\f v n Nq for every 



?i G N. By proposition 6.10, we know that T{xe n ) — J'7r(a' ± (e n ))* J'T(x) for every n G N (here J' 

2 

denotes the modular conjugation of ips). This implies that (r(xe„))^L 1 converges to T(x). It is also clear 
that (ie n )"-i converges to x. 

The statement about A is proven in a similar way. ■ 



Lemma 8.30 Consider x G M V5 , z G C anc? n G N. Then e n xe n belongs to M. Vsi (S 1 z e n )x(S z e n ) 
belongs to M. v and 

ips(e n xe n ) = A i( 5"^ <f((8 1 ' z e n )x(8 z e„)) . 



Proof : Choose a, b G Af Vs . By lemma 8.26| , we know that ae„, be n belong to Nq. This implies that 



ip s (e n b*ae n ) = (T(ae n ),T(be n )} = (A((ae n ) 8*), A((be n ) 8?)) 

= (A(a(Sh n )),A(b(5h n )))=v((Sh n )b*a(6ie n )) . 

We know that S 1 ~ z e n is a right multiplier of d z ~^ and that 5 Z ~^ (5 1 ~ z e n ) — 8^e n . 
This implies that (S 1 ~ z e n ) b*a {8^e n ) is a right multiplier of 8 z ~z and 

<5 2 -* [(^- z e „)6*a(<5*e n )] = (8h n ) b*a (8h n ) . 



So <5 Z 2 [((J 1 z e„)6*a(i52e„)] belongs to M v by lemma 8.27 



We know on the other hand that 8^e n is a left multiplier of 8 Z 2 and that {8^e n )5 z 2 = £ z e„. This 
implies that (S 1 ~ z e n ) b*a (<5 5 e „) is a left multiplier of <5* _ 3 and 

[(5 1 - z e n )6*a(jie n )]^-i = (^e,,) 6*a (<S*e„) . 

So [(<5 1 ~ z e„) 6*a (<J*e„)] <p-3 belongs also to M v by ^27. 



Therefore proposition |6.32| implies that 

tp 5 (e n b*a e n ) = <p( (8h n ) b*a [5%e n ) ) = <p( <5 2 ^ \{8 x ~ z e n ) 6*a (J3 e „)] ) 
= A 4 ^- z ) p( [{8 l - z e n ) o*a (<J*e„)] ) 
= \ 1{1 -- Z ^{{5 1 - Z e n )b*a{5 z e n )) . 
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Proposition 8.31 Consider x £ Mip s and z £ C such that x is a middle multiplier of S 1 z , S z and 
6 1 ~ z xS z belongs to Then 

tp B (x) = A i( '- z) (pft-'xS*) . 

Proof : Choose neM. By the previous lemma, we know that e„ xe n belongs to M Vs , (S 1 ~ z e n ) x (S z e n ) 
belongs to M. v and 

<ps{e n xe n ) = X l{ ?- z) ip( (S 1 - Z e n )x{6 z e n ) ) . 
Because e n is a left multiplier of <5 1_z and e„ is a right multiplier of 8 Z , we get that 

e n (J 1 — arf*) e n = (ej 1 -*) x(S z e n ) = (5^ z e n ) x(S z e n ) . 

So e„ (5 1 ~ z xS z ) e„ belongs to M v and 

tp s (e n xe n ) = A l( i~ z) ip(e n {o~ 1 ~ z x8 z ) e„) . 



The proposition follows by lemmas 8.24 and g.2S 



Remark 8.32 We would like to mention the following special cases. 

1. Consider x £ M. Vs such that a; is a middle multiplier of 6%, 6% and 8^x5^ belongs to A4 V . Then 

ips{x) = ip(5^x5^) . 

2. Consider x £ M Vs such that a; is a left multiplier of 8 and x8 belongs to Then 

tps(x) — A _ 2 ipf^xS) . 

3. Consider a; £ M Vs such that a; is a right multiplier of 8 and 8x belongs to M. v . Then 

ips(x) = As p(<fa) . 



Proposition 8.33 Consider an element a £ A + and z £ C such that a is a middle multiplier of S 1 z , 8 Z 

1 + 



and S 1 z a5 z belongs to Ai v . Then a belongs to M. + . 



Proof : Take b £ A such that b*b = a. 

Choose to S N. Because S z ~ 1 e m is a left multiplier of (5 1_z and (5 _z e m is a right multiplier of <5 Z , we have 
that 



(<5 z " 1 e m ) (5^ z a5 z ) (S- Z e m ) = ({5 z - l e m ) S 1 "') a (6 Z (<T*e m )) = e m ae m = {be m )*{be m ) , 



Because S 1 z aS z belongs to M v , this equality and lemma |8.23 imply that (be m )*(be m ) belongs to M V5 . 
Hence be m belongs to J\f vs . 

Take k, I G N. By the previous part, we already know that eib*bet belongs to M V5 . 

Because e; is a right multiplier of 8 1 ~ z and e k is a left multiplier of S z , we have that eib*be k is a middle 

multiplier of 5 1_z , 6 Z and 

M*6e fc ) S z = (S l ~'ei) b*b (e k S z ) = (S l ~'ei) a (e k S z ) 
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Knowing that e; is a left multiplier of 5 1 z and e„ is a right multiplier of S z , we get moreover that 
e, (d 1 -^**) e k = (e, ^) a (<5 2 e fe ) = (^"'ez) a (e fe <P) = c^ 2 ( e/ 6*6e fe ) <P . 



Hence 8 1 z (eib*be k ) S z belongs to Ai v by lemma |3.23 
Therefore the previous proposition implies that 



(e,b*be k ) = \ l( i- z ) ^(S 1 -* ( ei b*be k ) 5 Z )= X^^ p(e, {S^'aS') e k ) 



Therefore, we have for all m, n € N that 

||r(6e m ) - r(6e„)|| 2 = ips(e m b*be m ) - ^(e m 6*&e„) - ^(e„ b*be m ) + (p$(e n b*be n ) 

= A*(i-*) [ ^(e m (5 1 - z a<5 z ) e m ) - ^(e m (^"^(P) e n ) - <p(e„ (tf 1 "*^*) e m ) + ip(e n (6 1 - z aS z ) e n ) ' 



Using this equality and the obvious generalization of lemma 8.24, we see that (T(be n ))%Li is Cauchy and 
hence convergent. Because we also have that (be n )^ = i converges to b, the closedness of T imply that b 
belongs to N Vs . Hence, a is an element in M^g. ■ 

The next proposition is proven in a similar way. 

Proposition 8.34 Consider an element a £ Ni Vs and z £ C such that a is a middle multiplier of 5 l ~ z , S z 
and 5 l ~ z a5 z belongs to A + . Then 5 aS z belongs to 



Corollary 8.35 Consider an element a £ A + such that a is a middle multiplier of 5?, 5? and S^aS? 
belongs to A. Then a belongs to Mi <J4> 6^a5i belongs to M.~^- 



In the next part of this section, we will prove that the modular conjugation of ipg with respect to (H, T, ir) 
is a scalar multiple of J. 

Notation 8.36 We define the set D — { x £ N v n N* \ We have for every z e C 
that 

1. x is a right multiplier of 5 Z and S z x belongs to N v (~\N* 

2. x is a left multiplier of 5 Z and x8 z belongs to N v H N* } . 
It is not difficult to check that D is a sub-*-algebra of N a (~} N£ C N Vs R N* s . 

Lemma 8.37 Consider x £ N Vs nN* s . Then there exists a sequence (x n )™ =1 in D such that 
1- {%n)™=i converges to x 

2. (r(x n ))^_ 1 converges to T(x) 

3. (r«))£° =1 converges to T(x*) 



Proof : We define for every n £ IN the element x n = e n xe n . Using lemma 3.25 , it is not difficult to 
check that x n belongs to D for every n € IN. We have also for every n £ IN that 

• r(x n ) = T(e n xe n ) = J~k{(j' ± (e„))* J7r(e n )r(x) 
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• T«) = T(e n x*e n ) = Jnia'i (e n ))* Jn{e n )T(x*) 

2 

This implies that (x n )^ =1 converges to x, (r(x n ))^ 1 converges to T(x) and (r(x*))^ 1 converges to 

r(x*) m 

It follows immediately that T(D) is dense in H . 

Proposition 8.38 We have that A* J is the modular operator for ips in the GNS- construction (H,T,tt). 

Proof : Denote the modular conjugation of ips m the GNS-construction (if, T, ir) by J'. 
Choose a e D. 

• We have that a* is a left multiplier of <5 5 and that a*S^ belongs to Af v . This implies that T(a*) = 
A(a*i52) by the definition of r. We know moreover that a € D(5?) and that S 3 a belongs to AT v n M*. 
This implies that A(Sia) belongs to D(V5) and 

JV*A($5a) = A((Sia)*) = A{a*si) = T{a*) . 

• Because a belongs to Af v , a belongs to D(6%) and 5^a belongs to AL, proposition 2.18 implies that 
A(a) belongs to D(ir(5)^) and Tr(5)iA(a) — A(S^a). So, using the previous part, we get that A(a) 
belongs to D(V^ n(S) 2 ) and 

JV' 7r(£)'A(a) = J V'A^a) = T(a*) . 

• We know that a is a left multiplier of 8? . This implies that a5? is a left multiplier of <5~3 and that 
(aS^) — a which belongs to Af v . Therefore, proposition |6.31 implies that A(aS^) belongs to 
D((Jtt(5)J)-^) and 



(Jtt(<5) J)-s A(a£2 ) = A* A((a<53 ) <T* ) = A* A(a) . 

By definition, we have that T(a) = A(a<5^). Consequently, we have that T(a) belongs to 
D{{JiT{5)J)-i) and 

(J7r((5)j)-^r(a) = A* A(o) . 
Using the previous part, we see that T(o) belongs to D(V' 7r(5)3 (J7r(5) J)~5) and 

JV^ 7r(<5)3 (Jtt(J) jy^T(a) = \~i JV^ 7r(<5)*A(a) = A - * I>*) . 

The only thing we need from the previous discussion is that T(a) belongs to D(V 5 7r(<5)3 ( Jir(5) J)~^) 
and 

JV5 n(S)i (JTT(5)J)-iT(a) = X~i !>*) . (*) 



We have that n(5) and Jtt(S)J are strongly commuting (lemma SJ5). Define the positive injective operator 
S in H such that S** = n(S) lt (Jtt(S)J)~ u for every t e R. Therefore, 7r(5)3(J7r(5)J) - ' C £2. 
We also have that V and S are strongly commuting (lemma S.10| ). By definition, we have that V** = 
yitgit for t g R This imp i ies t hat V^kfi 

Combining these two facts, we arrive at the conclusion that V^tt(S) 2 (Jtt(S) J)~? C V 2 . 
Using (*), this gives that T(a) belongs to D(f 5) and JV2T(a) = A"* T(a*). 
On the other hand, the fact that a S A/^ n A/"* implies that J'W 'T(a) = T(a*). 
Combining these two equalities results in the equality A^ JT(a*) — J'T(a*). 

Because T(D) is dense in H, we get that J' = \i J . ■ 

The following two lemmas will be used to prove that 5 is uniquely determined in the GNS-representation 
of if by the weight ips ■ 
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Lemma 8.39 Consider an element a G J\f v DAf ips . Then A(a) belongs to D{Jir{8^)J) and 

\i J7r(<52)JA(a) = T(a) . 
Consequently, || J-k{8^) JA(a)|| 2 = ip$(a*a). 

Proof : Choose raglN. 

Because a G A/^, we know by lemma B.23 that ae m belongs to J\f v . 

We also know that e m is a left multiplier of #3, which implies that (ae m ) 8 ' is a left multiplier of Si and 
(a e m ) Si — a [e m This last equality ensures that also (ae m )8i belongs to J\f v . 
Hence, proposition |5.31 implies that A(ae m ) belongs to D(Jtt(8)% J) and 

A* Jir{S^)JA(ae m ) = A((ae m )8i) 

So by the definition of T, we see that ae m belongs to Af Vs and 

A* Jir(5i)JA(ae m ) = T(ae m ) 

Because a G A/"<p 4 and e m G D(a'i_), this implies that 

2 

A3 j7r(^5)JA(ae m ) = Jitta'* (e m ))* jr(a) 

2 

Because a e A/^ and e m G D(at), we have also that 

A(ae m ) = J7r(cr. (e m ))* JA(a) 

So we see that (A(ae n ))^_ 1 converges to A(a) and that (A* J7r(<5i) JA(ae m ) converges to T(a). 
Therefore the closedness of Jir(S^)J implies that A(a) belongs to D(Jw(Si)J) and 

A3 jTr(5i)JA(a) = T(a) . 



Lemma 8.40 The set A(Af v DAf Vs ) is a core for Jtt(8^)J. 
Proof : Choose raeff. 

We know already that <r±(e m )* is a left and right multiplier of 8? and that cr. (e m )* 5? — 8? cr±{e m )* . 
This implies easily that %(ai(e m ))* Tr(8i) C ir(8?) 7r(o-^ (e m ))* G B{H). 
So we get that 

(J7r(ai(e m ))*J) (J7r(55)J) C (J7r(^)J) (Jn(a± (e m ))*J) G B{H) . 

Because ( JTr(a±(e n ))* J) n _ 1 is a bounded sequence which converges strongly to 1 and A(A) is dense in 
H, it is not too difficult to infer from this last equality that the set 

( J7r(cn (e m ))*JA(a) | n G 1ST, a G J\f 9 ) 

is a core for Jir(Si)J. 

By lemma |8.23 and proposition |3.1C| , we have for every a G A/^j and neW that a e„ belongs to A/" v H A/"^ 
and A(ae m ) = J7r((7i(e m ))* JA(a). So we see that A{N V njV w ) is a core for Jtt{8^)J. ■ 

In a last proposition, we will prove that the strictly positive element 8 is uniquely determined in the 
GNS-representation of tp by the weight tps ■ 
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Proposition 8.41 Consider a C* -algebra A and a KMS-weight tp on A with modular group a and GNS- 
construction (if, A, 7r). Let S±, 82 be strictly positive elements affiliated with A such that there exists 
strictly positive numbers Ai, X2 satisfying cr t (8i) — X\ Si and (Jt{&2) = A| 82 for t G R . 
IffSi = then ^(81) = n(6 2 ). 



Proof : Because <pg 1 = <ps 2 , we have that M vs = Aff5 2 so A{N V n Af vs ) = A(J\f v n J\f(ps 2 )- 

. . 1 1 

By lemma 8.4C , this gives a common core A(Af v f] Af VSl ) for J7r(5 1 2 ) J and J7r(<5 2 2 ) J. 

Using lemma 3.39, we have moreover for every a £ N v n Aftp 6 that 

|| Jir(6f)JA{a)\\ 2 = tp Sl (a*a) = <ps 2 (a*a) = \\ Jir(6^ ) JA(a)\\ 2 . 



This implies easily that D(Jir(Sf)J) = D{Jtt{S^)J) and \\Jtt(S^)Jv\\ = \\Jtt(5^)Jv\\ for every v G 
D{J-K{8fJ). 

As a consequence, we get that Jir{8\) J = Jir(82)J which gives us that 7r(<5i) = ^(82)- ■ 



Corollary 8.42 Consider a C -algebra A and a faithful KMS-weight ip on A with modular group a. Let 
81, 82 be strictly positive elements affiliated with A such that there exists strictly positive numbers Ai, A2 
satisfying cr t (8i) — A* 81 and ^(82) = X\ 82 for t G 1R. If (fs 1 — •ps 2 , then 8\ =82- 

References 

[1] S. Baaj, Prolongcmcnt d'un poids. CR. Acad. Sci. 288 (1979), 1013-1015. 

[2] R.C. Busby, Double centralizers and extensions of C*-algebras. Trans. Amer. Math. Soc. 132 
(1968), 79-99. 

[3] F. Combes, Poids sur une C*-algebre. J. Math, pures et appl. 47 (1968), 57-100. 

[4] F. Combes, Poids associe a une algebre hilbertienne a gauche. Compos. Math. 23 (1971), 49-77. 

[5] M. Enock & J.-M. Vallin, C*-algebres de Kac et algebres de Kac. Proc. London Math. Soc. (3) 
66 (1993), 619-650. 

[6] U. Haagerup, A density theorem for left Hilbert algebras. Unpublished note. 

[7] U. Haagerup, Normal weights on W-"*- algebras. J. Fund. Anal. 19 (1975), 302-317. 

[8] J. Kustermans & A. Van Daele, C*-algebraic quantum groups arising from algebraic quantum 
groups. (1996) To appear in International Journal of Mathematics. 

[9] J. Kustermans, One-parameter representations on C*-algebras. In preparation. 

[10] J. Kustermans, Regular C*-valued weights on C*-algebras. Preprint K.U. Leuven (1997). 

[11] J. Kustermans , Universal C*-algebraic quantum groups arising from algebraic quantum groups. 
Preprint Odense Universitet. (1997) 

[12] C. Lance, Hilbert C*-modules, a toolkit for operator algebraists. Leeds. (1993). 

[13] G.K. Pedersen, C*-algebras and their automorphism groups. Academic Press, London, 1979. 



63 



[14] G.K. Pedersen & M. Takesaki, The Radon-Nikodym theorem for von Neumann algebras. Acta 
Math. 130 (1973), 53-87. 

[15] J. Quaegebeur & J. Verding, A construction for weights on C*-algebras. Dual weights for 
C*-crossed products. Preprint K.U. Leuven (1994). 

[16] J. Quaegebeur & J. Verding, Left invariant weights and the left regular corepresentation for 
locally compact quantum semi-groups. Preprint K.U. Leuven (1994). 

[17] S. Sakai, C*-algebras and W / *-algebras. Springer- Verlag, Berlin, 1971. 

[18] S. Stratila & L. Zsido, Lectures on von Neumann algebras. Abacus Press, Tunbridge Wells, 
England (1979). 

[19] D.C. Taylor, The Strict Topology for Double Centralizer Algebras. Trans. Am. Math. Socl50 
(1970), 633 - 643 

[20] M. Takesaki, Theory of Operator Algebras I. Springer- Verlag, New York (1979). 

[21] A. Van Daele, An Algebraic Framework for Group Duality. (1996) To appear in Advances of 
Mathematics. 

[22] J. Verding, Weights on C*-algebras. Phd-thesis. K.U. Leuven (1995) 

[23] S.L. WORONOWICZ, From multiplicative unitaries to quantum groups. Preprint Warszawa (1995). 

[24] S.L. WORONOWICZ, Unbounded elements affiliated with C*-algebras and non-compact quantum 
groups. Commun. Math. Phys. 136 (1991), 399-432. 

[25] I. ClORANESCU and L. Zsido, Analytic generators for one-parameter groups. Tohoku Math. Jour- 
nal 28 (1976), 327-362. 



64 



